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PREFACE 


The theorem of Pythagoras is one of the fundamental 
theorems of Elementary Geometry. No wonder that right 
triangles, and in particular those with sides expressed 
by integers, had already become the object of study in 
Antiquity. A triangle with sides 3, 4, 5 as well as one 
with sides, 5, 12, 13 served for the purpose of fixing a 
right angle in a field. The study of Pythagorean triangles, 
i.e., of right triangles with natural sides, is also connected 
with the solution in integers of the indefinite equation 
of the second degree with three unknowns: x? + y? = 23, 

Some properties of the Pythagorean triangles were 
already known in Antiquity, others were discovered 
much later. There are problems pertaining to Pythag- 
orean triangles, the solutions of which we are unable 
to find. For instance, we do not know whether there 
exist infinitely many Pythagorean triangles with sides 
expressed by triangular numbers. 

The first edition of the present book was published 
in Polish, in 1954, in Warsaw by the State Scientific 
Publishers. A translation into Russian was published in 
Moscow, in 1959, by the State Educational Publishing 
House for the Ministry of Education of U.S.S.R., S. I. 
Zetel being the translator, It is accompanied by his notes. 

The American edition is based on the Polish original 
and was completed by Dr. A. Sharma, to whom I am 
greatly indebted. As compared to the Polish original, the 
present edition contains the following new additional 
paragraphs: 6,5; 6,6; 8,4; 8,5 and 9a. 
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the U.S.A. I thank Professor Matthew M. Fryde, 
Graduate School of Science, Yeshiva University, for 
translating into English the additional paragraphs and 
for revising the translation of the whole text, on the 
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1. PYTHAGOREAN TRIANGLES. 
PRIMITIVE PYTHAGOREAN TRIANGLES 


1.1 Wecallaright triangle the sides of which are given by 
natural numbers a pythagorean triangle. Many problems 
suggest themselves about these triangles. We shall try to 
answer many of these problems, arguing by means of 
elementary mathematics. ‘The degree of difficulty of this 
reasoning is, however, varied. The first problem which 
suggests itself is whether pythagorean triangles exist, and 
if so, how many and how to get examples of them. 


1.2 Ina pythagorean triangle (as in any right triangle) 
the biggest side is obviously the hypotenuse; the other 
two sides, called arms, contain the right angle. If these 
(i.e., their lengths) are x and y and the hypotenuse is z, 
then by the theorem of Pythagoras, 

(1) fy? ce 27, 

A pythagorean triangle with sides x, y and z will be 
denoted by the symbol (x, y, z) in which we will write 
the hypotenuse in the last place. Then the sides of the 
triangle (x, y, 3) satisfy equation (1). Conversely, if 
given numbers x, y, and 2 satisfy equation (1), then, 
as is known in geometry, the triangle with sides x, y, z is 
right-angled. Thus the investigation of pythagorean 
triangles is equivalent to the study of the solution in 
natural numbers of equation (1), called the pythagorean 
equation. 


1.3 If each side of a pythagorean triangle is multiplied 
by a natural number, we obtain a similar right triangle 
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whose sides are natural numbers, and which is, therefore, 
a pythagorean triangle. In this manner from a given 
pythagorean triangle (x, y, 2) we obtain infinitely many 
bigger and bigger similar pythagorean triangles (kx, ky, 
kz) where k = 1, 2,3,.... For example from the 
triangle (3, 4, 5) we obtain the triangles (6, 8, 10), (9, 12, 
15), (12, 16, 20), (15, 20, 25),.... For every pythagorean 
triangle there exist infinitely many similar pythagorean 
triangles. 


1.4 Among all similar pythagorean triangles there 
obviously exists a smallest; it will be the one, as is easy 
to see, whose sides x and y are relatively prime (i.c., the 
numbers « and y have no common factor greater than 1). 

For on the one hand, if the numbers x and y are not 
relatively prime and so have a common factor d, where 
d@ is a natural number >1, then x = dx,, y = dy, 
pee %, y, are natural numbers, so that from (1) we 

ave 


a = 8 + y= (dry)? + (dy,)? = dQ? + 9,2) 
which proves that d? is a factor of 2* and hence d is a 
factor of z. Thus z = dz,, where 2,is a natural number. 
The formulae 

x= dx, y= dy, z= dz, 
give with the help of (1), on dividing by d? 
wy? + yy? = 24? 
which proves that (x,, 1, 2;) is a pythagorean triangle 
smaller than the triangle (x,y,z) and similar to it. 


Therefore, in the triangle which is the smallest of all 
the similar pythagorean triangles, the arms must be 
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relatively prime. On the other hand, if in a pythagorean 
triangle (x,y, ) the numbers x and y are relatively 
prime then there is no smaller similar pythagorean 
triangle. For if (a, b, c) were such a triangle, then from 
the similarity of our triangles, x/y = a/b and because 
the fraction x/y is irreducible (x, y relatively prime) so 
a >xand b > y contrary to the supposition that the 
triangle (a, 5, c) is smaller than the triangle (x, y, z). 

Thus for the smallest triangle among all the similar 
pythagorean triangles, we may suppose that x, y are 
relatively prime. From the smallest pythagorean triangle 
we obtain all pythagorean triangles similar to it by 
multiplying the sides by 2, 3, 4,.... 


1.5 We call a pythagorean triangle (x, y, 2) primitive if 
its sides x, y are relatively prime. In order to give all the 
pythagorean triangles, it is obviously sufficient to give 
only all the primitive pythagorean triangles from which 
we obtain all the pythagorean triangles by multiplying 
the primitive triangles by 2, 3, 4,.... Because among all 
similar pythagorean triangles, only the smallest is a 
primitive one, two different primitive pythagorean 
triangles are never similar. 

The pythagorean triangle (3, 4, 5) is primitive because 
3 and 4 are relatively prime. Now the question arises: 
how many primitive pythagorean triangles are there, 
and how can we obtain them all? 


[3] 


2. OBTAINING PRIMITIVE PYTHAGOREAN 
TRIANGLES 


2.1 Let us suppose that (x, y, 2) is a primitive pythag- 
orean triangle. The numbers x and y are therefore rela- 
tively prime and so both cannot be even. We now show 
that both cannot be odd. For this we show that the 
square of an odd number on dividing by 8 gives the re- 
mainder 1, 

As is well known, any odd number can be put in the 
form 2k + 1 where k is a whole number. Hence, 


(2k + 1)? = 4h? + 4h + 1 = 4h(k + 1) 41. 


But of two successive integers k,k + 1, one is even 
and hence divisible by 2, so that the number 4k(k + 1) 
is divisible by 8. The number (2k + 1)? therefore leaves 
the remainder 1 on dividing by 8, which was to be 
proved. 


2.2 The sum of two odd square numbers therefore 
gives, on dividing by 8, the remainder 2. It is, therefore, 
even but not divisible by 4 and so cannot be the square 
of a natural number. The formula (1), therefore, cannot 
hold when both x and y are odd. 

If, therefore, the pythagorean triangle (x, y, z) is a 

primitive triangle, then one of the numbers x and y 
must be odd, and the other even. 
2.3 Let us suppose that the number y is even (at the 
same time, however, x is not necessarily <y). The 
numbers x and 2 are, therefore, odd (for 2 this follows 
from formula (1)). 
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Equation (1) can be written in the form 
(2) y? = (z+ x)(z — 2). 
The numbers 2 + x and x — x, being the sum and 


difference of two different odd numbers, must be even 
and can be denoted by 


(3) +x = 2a, z—%x= 2b 
where a and 5 are natural numbers. It follows that 
(4) z=a+t+b, x=a-—b, 


From these equalities it follows that a and 6 must be 
relatively prime. For if they had a common factor 
d > 1, then from (4), d would also be a common factor 
of z and x, and so also of the numbers z + x and z — x. 
By formula (2) d? would be a divisor of the number y?, 
ice., d|y and so d would be a common factor of x and y 
contrary to the supposition that x and y are relatively 
prime. Therefore, a and 5 are relatively prime. 

Because y is even, we may put y = 2c where ¢ is a 
natural number. From (3), formula (2) gives 4c? = 2a, 
2b so that 
(5) c? = ab, 

In arithmetic we prove that if the product of two rela- 
tively prime numbers is the square of a natural number 
then each of them is the square of a natural number. 
From formula (5) it therefore follows that a = m?, 
6 = n? where m and n are natural numbers, and, being 
divisors of relatively prime numbers, a and 6 are them- 
selves relatively prime. Hence from (4) 

z= m +n’, x = m? — n*, 
Taking into consideration formula (5), and the fact 
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that a = m?, b = n®, we find c = mn, and since y = 2c 
we have 


y = 2mn, 


We have thus proved that if (x, y, 2) is @ primitive 
pythagorean triangle and y is an even number, then there 
exist relatively prime numbers m and n, such that 

(6) «= m®— 1, — y = 2mn, z= m? + n?, 
Numbers m and n cannot both be even, because they 
are relatively prime; both of them cannot be odd, be- 
cause then the number x = m? — n? would be even 
which is impossible. Therefore, one of the numbers 
m and n is even and the other odd. It follows from this 
that the number y = 2mn is divisible by 4. In each 
primitive pythagorean triangle and, therefore, in each 
pythagorean triangle, at least one of the arms is divisible 
by 4. It follows that there is no pythagorean triangle all 
of whose sides are prime numbers. Still there are 
pythagorean triangles of which the hypotenuse and one 
arm are prime numbers, for example the triangles 
(3, 4, 5), (11, 60, 61), (19, 180, 181), ml, 1860, 1861) 
(71, 2520, 2521), (79, 3120, 3121). We do not know if 
there are infinitely many such triangles. 


2.4 _We now suppose that m and n, where m > n, are 
relatively prime numbers of which one is even and the 
other odd, and determine the numbers x, y and z from 
(6). The triangle (x, y, 2) so determined can be shown 
to be a primitive pythagorean triangle. From the easily 
verified identity 


(m? — n?)? 4 (2mn)? = (m? + n2)2 


it follows immediately that it is a pythagorean triangle. 
It remains to prove that x and y are relatively prime. 
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If the numbers x and y had a common factor d > 1, 
then because x is odd, the factor d would be odd. On 
account of (1), d is a factor of z; on account of (6), 
d would, therefore, be a factor of the numbers m? + n? 
and m? — n? and so also of their sum 2m? and their 
difference 2n?, and because d is odd, d must be a common 
factor of m? and n?. But m and n and, therefore, m? and 
n® are relatively prime, so that they cannot have a common 
factor d> 1; hence we have a contradiction. The 
numbers « and y are, therefore, relatively prime. 


2.5 We next observe that to different arrangements of 
the numbers m and n, there correspond different pytha- 
gorean triangles (x, y, 2). From formula (6) it follows 
that 
2m? = x + 2, 2n? = z — x, 

hence the natural numbers m and n are completely 
determined by x and z. We may also observe that m/n 
is an irreducible fraction equal to (x + z)/y (as 
x + 2 = 2m? and y = 2mn). 

Using the above results, we may state the following 
theorem: 


Theorem 1. All primitive pythagorean triangles (x, y, 2) 
in which y is even, are obtained from the formulae 
x= m= —n?, y = 2mn, 2 = m+ n’, where m > 1, 
m, n being all pairs of relatively prime numbers of which 
one (whatsoever) is even and the other odd. 

Each primitive pythagorean triangle (x, y, 8) where y is 
an even number is obtained in this way only once. 


2.6 If instead of transforming equation (1) into equa- 
tion (2), as we have done above, we transform it into the 
equation 
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(7) x? = (2 + yz — y) 


(always supposing that y is even, and hence x and z are 
odd) then the numbers u = z + y and v=z-—y 
would be odd, and as is easy to see, relatively prime 
(because the numbers x and y and hence y and z are 
relatively prime, and z is odd), Because from (7), 
x? = uv, there exist relatively prime (odd) natural 
numbers k and 7 such that uv = k?, v=/?, hence 
x= Ri, z= Fu + v) = 4h? + 1), y= }u-v)= 
4(k? — 1°), Reasoning again as in the proof of theorem 
1, we easily obtain the following theorem: 


Theorem 2. All primitive bythagorean triangles (x, y, 2) 
in which y is even are obtained by the formulae 


BP R+P 


(83) «=k y= ’ =T 


where k >], 


k, I running over all pairs of odd relatively prime natural 
numbers. 

Every primitive pythagorean triangle (x, y, 2) where y 
is even is obtained in this way only once. 


2.7, In order that all the primitive pythagorean tri- 
angles (x, y, 2) where y is even, be arranged in a com- 
pletely defined infinite series, we may take for k success- 
ively the odd values 3, 5, 7, 9,... and for each of them 
take for 1 successively all odd prime values relatively 
prime to k and smaller than k. We then obtain the 
numbers x,y,z from formula (8). In the table given 
below the first 21 terms of this series are shown: 
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k 
3 
5 
5 
7 
Fd 
7 
9 
9 
9 


eBo nue oe UU 


In order to obtain all the pythagorean triangles it is 
necessary to have all the primitive pythagorean triangles 
to multiply by arbitary natural numbers, and to take 
into consideration that we considered only those 
primitive pythagorean triangles (x, y, 2) where y is 
even. It is necessary also to interchange x and y. 

From the fact that in a pythagorean triangle (a, b, “), 
either all a, 5, c are even or two of them are odd, it 
follows easily that the radius of the circle inscribed in a 
pythagorean triangle is always a natural number. For 
we can easily prove that if r denotes the radius of the 
circle inscribed in the pythagorean triangle (a, b,c), 
then 

d=atb—e. 
For instance, the radius of the inscribed circle of the 
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triangle (3, 4, 5) is 1. It follows that about a circle 
whose radius is a natural number it is possible to circum- 
scribe a pythagorean triangle similar to the triangle 
(3, 4, 5). As for the circle circumscribed about a pythag- 
orean triangle, it is obvious that the diameter of this is 
the hypotenuse of the triangle. 
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3. PYTHAGOREAN TRIANGLES WITH 
SIDES <100 


We now consider all pythagorean triangles whose sides 
are less than 100. It is necessary and sufficient that the 
hypotenuse be less than 100. From the above table we see 
that the number of such primitive pythagorean triangles 
(x,y, 2) with even y is 16. Indeed, outside our table there 
are no primitive pythagorean triangles with hypotenuse 
< 100 and even y, because for k > 15, we have 

2 2 2 
‘t Lees = > 100. 
These 16 primitive triangles, arranged according to 
increasing hypotenuses, or increasing areas, if the 
hypotenuses are equal, are: 


ss 


(3, 4, 5) (11, 60, 61) 
(5, 12, 13) (63, 16, 65) 
(15, 8, 17) (33, 56, 65) 
(7, 24, 25) (55, 48, 73) 
(21, 20, 29) (13, 84, 85) 
(35, 12, 37) (77, 36, 85) 
(9, 40, 41) (39, 80, 89) 
(45, 28, 53) (65, 72, 97) 


In the first seven cases, each side can be doubled 
without exceeding 100, yielding 7 new pythagorean 
triangles which, however, are not primitive: 


(6, 8, 10) (42, 40, 58) 
(10, 24, 26) (70, 24, 74) 
(30, 16, 34) (18, 80, 82) 
(14, 48, 50) 
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Similarly, the first 5 of our 16 primitive triangles can be 
tripled, yielding 5 new pythagorean triangles: 


(9, 12, 15) (21, 72, 75) 

(15, 36, 39) (63, 60, 87) 

(45, 24, 51) 
The first 3 of our 16 triangles can be quadrupled or mag- 
nified 5 times, getting 6 triangles: 


(12, 16, 20) (15, 20, 25) 
(20, 48, 52) (25, 60, 65) 
(60, 32, 68) (75, 40, 85) 


The first 2 of the 16 triangles can be magnified 6 times 
and 7 times getting 4 new triangles: 


(18, 24, 30) (21, 28, 35) 
(30, 72, 78) (35, 84, 91) 
Lastly the first of the 16 triangles can be magnified 8, 9, 


10, 11, 12, 13, 14, 15, 16, 17, 18, and 19 times, getting 
12 new triangles: 


(24, 32, 40) (42, 56, 70) 
(27, 36, 45) (45, 60, 75) 
(30, 40, 50) (48, 64, 80) 
(33, 44, 55) (51, 68, 85) 
(36, 48, 60) (54, 72, 90) 
(39, 52, 65) (57, 76, 95) 


We thus obtain exactly 50 different pythagorean triangles 
with sides less than 100. Interchanging in our triangles 
the sides containing the right angle, we arrive at the 
conclusion that we have 100 different pythagorean 
triangles with sides < 100. 
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OF WHICH ARE SUCCESSIVE NUMBERS 


4.1 We again return to the table of primitive pythag- 
orean triangles (2.7). The first of these triangles (3, 4, 5) 
has sides which are successive natural numbers. As is 
easy to prove, there is only one triangle having this 
property, for if a pythagorean triangle has sides n — 1, 
nandn + 1 where 7 is a natural number > 1, then 


(n — 1)? + n? = (n + 1)?; 

after simplifying we have 
n2=4n, ie, n= 4, 

yielding the triangle (3, 4, 5). 
4.2 It is also easy to find all pythagorean triangles 
whose sides are in arithmetical progression. For denoting 
the sides by » — k, n and n + k where k and n are 
natural numbers (” > k), we have 

(n — k)? + n? = (n + ky? 


whence n? = 4nk, ie., n = 4k. 

We therefore find the triangles (3, 4k, 5k) where 

k= 1,2,.... These are all triangles similar to the 
triangle (3, 4, 5). 
4.3. We shall now occupy ourselves with pythagorean 
triangles two sides of which are successive natural 
numbers. As is easy to observe, such triangles must be 
primitive because two successive natural numbers are 
always relatively prime. 
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The case x — x = 1 is impossible, because z and x are 
odd numbers. We then suppose that z — y = 1. By means 
of theorem 2, we have then J? = 1, whence / = 1 so that 
R-1 ae +1 
2.9 ‘7 2:2 
where k is an odd number >1. These formulae then 


give all the pythagorean triangles in which x — y = 1. 
The first ten such triangles are: 


(9) x= hk, y= 


(3, 4, 5) (13, 84, 85) 
(5, 12, 13) (15, 112, 113) 
(7, 24, 25) (17, 144, 145) 
(9, 40, 41) (19, 180, 181) 
(11, 60, 61) (21, 220, 221) 


4.4 Such triangles (obviously not all) can be obtained 
from the identity of Moessner: 


(10n — 5)? + [5On(m — 1) + 12}? = [50n(m — 1) + 13]? 


For instance, for n= 1,2,...,10, we obtain the 
triangles: 
(5, 12, 13) (55, 1512, 1513) 


(15, 112, 113) 
(25, 312, 313) 


(65, 2112, 2113) 
(75, 2812, 2813) 
(35, 612, 613) (85, 3612, 3613) 
(45, 1012, 1013) (95, 4512, 4513) 


4.5 There also exists an almost mechanical method of 
obtaining an arbitrary number of pythagorean triangles 
for which z = y + 1. If in formula (9) where & is an 
odd number > 1, we putk = 2n + 1, we get the formulae 


(10) 


x=2n+1, y= 2n(n + 1), 
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Taking n = 10°, where s is a natural number, we obtain 


the numbers 
8 — 1 zeros 


x= 2108415 20......01 
y = 2-10 + 2-108 


3 = I zeros 8 zeros 
Pi ee 
= 20...... 020 .ia0'.5 0 
z = 2-10 + 2-105 + 1 
s—1zeros 3 ~ 1 zeros 
= 20. en's 020...... 01 
In this manner for s = 1,2,3,..., we obtain the 
triangles 
21 220 221 
201 20200 20201 
2001 2002000 2002001 
20001 200020000 200020001 


and so on, in which the sides of each successive triangle 

are obtained by simple interpolation of zero in the pre- 

ceding. , 
Similarly, if in formula (10) we take n = 2.10°, we 


get 


s— 1 zeros 


ee 
v= 410° 41=40...... 01 
y = 8-10 4 4-108 


s — 1 zeros s zeros 


2 = 8-10 + 4-10? +1 


s— 1 zeros s — 1 zeros 


PYTHAGOREAN TRIANGLES 
yielding the pythagorean triangles 


41 840 841 
401 80400 80401 
4001 8004000 8004001 


40001 800040000 800040001 


and so on." 


4.6 We shall now occupy ourselves with pythagorean 
triangles whose arms are successive natural numbers. 
From the given table (2.7) of primitive pythagorean 
triangles, we see that the first two such pythagorean 
triangles are (3, 4, 5) and (21, 20, 29). There are in- 
finitely many such pythagorean triangles. This follows 
from the fact that if, for some natural x and z, we have a 
pythagorean triangle (x, x + 1, 2) then there exists also 
a pythagorean triangle (3x + 22 + 1, 3x + 22 + 2, 
4x + 32 + 2). 


For 


(3x + 22 + 1)? + (3% + 22 + 2)? 
= 18x? + 24xz + 82? + 18% 4+ 122 + 5 
and since 
x? + (x + 1)? = 2? or 2x? 4 2x +1 = 2? 
so 


(3x + 22 + 1)? + (3x 4+ 22 + 2)? 
= 16x? + 24ea + 927 + 16x + 122 + 4 
= (4x + 32 + 2)%, 
Thus from each pythagorean triangle (x, x + 1, 2) whose 
* See The American Math. Monthly, vol. 41 (1934), p. 330, 
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arms are successive natural numbers, we can obtain the 
pythagorean triangle 
F(x, x + 1, 2) 

= (3x + 2z + 1, 3x + 22 + 2,4" + 32 4 2) 
with bigger sides, whose arms are also successive num- 
bers. From the triangle (3, 4, 5) we obtain in this manner 
the triangle with sides 3-3 + 2-5 + 1 = 20, 21 and 
4.3 43-5 + 2 = 29; from this triangle another one 
with sides 3-20 + 2-29 + 1 = 119, 120 and 4-20 


+ 3-29 + 2 = 169, and so on. 
Here are the first six triangles obtained in this manner: 


3 4 5 

20 21 29 
119 120 169 
696 697 985 
4059 4060 5741 
23660 23661 33461 


It would be easy to prove that by the above method we 
obtain triangles in which the bigger of the arms is 
alternately even or odd. 

4.7 We shall now prove that we obtain in the above 
manner all the pythagorean triangles whose arms are 
successive natural numbers. 

Theorem 3. Each pythagorean triangle whose arms are 
successive natural numbers, is one of the pythagorean 
triangles in the infinite series 

(11) (3, 4, 5), £03, 4,5), S£(3, 4, 5), SFF(3, 4, 5), -- + 
For this we first prove the lemma: 

Lemma. If (x, x + 1, 2) is a pythagorean triangle where 
x > 3, then 
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(12) (x, #1 + 1, 21) = g(x, + 1, 2) 
= (3x — 22 + 1, 3x — 22 + 2, 32 — 4x — 2) 
ts also a pythagorean triangle where 2, < 2. 
Proof: We show that 
x, = 3x —22+1>0 and 0< 2, =32-4x-2<2 
that is 


(13) 22 < 3e+1, 32> 4x +2 and 2 < 2x41. 


As x > 3 we have 
x? > 3x = 2x + x > 2x + 3. 
Because 
x7 + («+ 1)? = 2? 


(x, x + 1, 2) is a pythagorean triangle and we see that 


427 = 8x9 + 8x + 4 = 9x? + 8x 4+ 4 — 2? < 9x? 
+ 8x + 4 — (2x + 3) 
= 9x7 + 6x + 1 = (3x + 1)? 


hence 2z < 3x + 1, and since x > 0, we have all the 
more 2z < 4x + 2, so that x < 2x + 1. 

‘ Lastly because x? + (x + 1)? = 2? and x > 0, we 
ave 


92% = 18x? + 18% + 9 > 16x? + lox + 4 = (4x + 2)? 


hence 32 > 4x + 2. 

The inequalities (13) are therefore proven. 

It remains to show that (x,, x, + 1, 2) isa pythagorean 
triangle. We have 


wy? + (x + 1)? = 2xy? + 2x, + 1 
= 18x? + 827 — 24xz + 18% — 122 + 5, 
2,7 = 16x? + 92? — 24xz + 16x — 122 + 4 
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and because 37 = 2x? + 2x + 1, 


16x? + 92? — 24xz + 16x — 122 + 4 
= 18x? + 82? — 24xz + 18x — 122 + 5. 
Hence 
x1? + (x, + 1)? = 2? 
which proves that the triangle (x,, x; + 1, 21) is pythag- 


orean. 
Our lemma is then proved. 


4.8 By means of our lemma, from each pythagorean 
triangle (x, x + 1, 2) whose arms are successive natural 
numbers, x < 3, we can obtain a new pythagorean 
triangle 

(xy, % + 1, 21) = g(x, x + 1, 2) 


whose arms are also successive natural numbers with 
z, < 3. If at the same time x, > 3, then by means of 
our lemma, we can obtain from the triangle (x,, x, + 1, 
2,) a new pythagorean triangle, 


(a) %q + 1, 22) = g(r, %1 + 1, 21) = Bele, + 1, 2) 


where z < z,, and so on. We can obviously never obtain 
in this manner an infinite series of pythagorean triangles 
with diminishing hypotenuses. This proves that for 
some natural m, we must arrive at the triangle 


(Xny X_ + 1, Zn) = B(x, x + 1, 2) 


where x, = 3, which because of the relation x,? + 
(x, + 1)? = 3,2 gives 2, = 5. Therefore, for some 
natural n, 

(14) a(x, x + 1,2) = (3,4, 5). 
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As is easy to verify, for each pythagorean triangle 
(x, x + 1, 2) where x > 3, we have 


Sex, x* + 1,2) = f(3x — 22 + 1, 3x — 22 + 2, 
3z — 4x — 2) = (x, x + 1, 2) 
which gives 
Sfgg(x, * + 1,2) = (x, x + 1, 2) 

and in general 

f'g'(x,x + 1,2) =(*%,x + 1,2) fork =1,2,.... 
Therefore, from (14): 

(x * + 1,2) = f*@3, 4, 5) 

which was to be proved. 


49 In a pythagorean triangle (x, x + 1, 2) the number 
2 is of course odd > x + 1 and < 2x + 1, hence the 
numbers u = z — xandv = }(2x + 1 — 3) are natural 
numbers, Because of the identity 


(2 + # — 1)(z - 1 — z\? 
5 2 2 (e+ =) 
= Hs? — 9 — (e+ 1) 


we conclude that 


u(u + 1) 
(14a) we 


=v? 


1 
The number tf, = weet) (where u is a natural 


number), we call a triangular number. The formula (14a) 
proves that the triangular number ¢, is a square num- 
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ber. Hence each pythagorean triangle (x,x + 1, 2) 
provides through the use of the formulae 
us2z—x-—1 
o=x+h(1-2), 
a solution of the equation (14a) in natural numbers y, v. 
Inversely: if the natural numbers u and v satisfy equation 
(14a) and we take 
x= u +20 
z= 2u+20+1 
then, taking into account the identity 
(u + 20)? + (uw + 2v + 1)? — (2u + 20 + 1)? 
_ uu + * 


=4 ba 3 


we obtain 
x? + (x + 1)? = 27, 
while at the same time we have 
u=2z—x-1, 
v = 4(2x + 1 — 2). 
Using this substitution we obtain from each triangular 
number t,, which is at the same time a square number, 
a pythagorean triangle (x, x + 1, 2). 
It follows that we obtain from all pythagorean tri- 
angles (x, x + 1, z) through the substitution 
u=sxz—-x-1, 
v=x+4(1 - 2), 
all numbers which are at the same time triangular 
numbers and square numbers. There are infinitely many 
such numbers. 
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From the first six of the triangles (x, x + 1, 2) we ob- 


tain in the above described way six triangular square 
numbers. 


t= 19, ty = 67, tay = 352, tog, = 2042, 
tiear = 11897, togoq = 69302. 
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5. DIVISIBILITY BY 3 OR BY 5 OF ONE OF 
THE SIDES OF A PYTHAGOREAN TRIANGLE 


5.1 As we already know (2.3), in each pythagorean 
triangle at least one of the arms is divisible by 4. We now 
prove that in each pythagorean triangle at least one of the 
arms is divisible by 3. 

For proving this we suppose that in the pythagorean 
triangle (x,y, 2) neither of the numbers x and y is 
divisible by 3. We have, therefore, x = 3k + 1, 

= 31 + 1, where & and / are integers. Hence 


x? + y? = 3(3K? + 3/2 + 2k + 21) 4.2 


and this cannot be the square of a natural number. 
For the square of a number divisible by 3 is divisible by 
3, while the square of a natural number not divisible by 
3 and, therefore, of the form 3t + 1, because of the 
identity 

(34 + 1)? = 3(3f7 + 2t) +1 


gives on dividing by 3 the remainder 1, hence it never 
gives the remainder 2 as the number 2? = x* + y? does, 
The supposition that neither of the numbers x and y 
is divisible by 3 leads to a contradiction. We have thus 
proved that at least one of the numbers x and y is 
divisible by 3. 


5.2 We see from suitably chosen examples of pythag- 
orean triangles that the arm divisible by 3 may also be 
divisible by 4, as in the triangle (5, 12, 13) or it may be 
the other one, as in the triangle (3, 4, 5). 
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It appears from this that the numbers 1, 2, 3 and 4 are 
the only natural numbers 2 for which the theorem holds 
that at least one of the arms is divisible by . Indeed in 
the pythagorean triangle (3, 4, 5) neither of the arms 
is divisible by a natural number > 4. 


5.3. We now prove that in each pythagorean triangle at 
least one of the sides is divisible by 5. 

Let us suppose first that the natural number 2 is not 
divisible by 5 and is therefore of the form 


n=5k+1 or n=5k+2 
where k is a whole number. In the first case we have 
n? = 5(5k? + 2k) + 1 
and in the second 
n® = 5(5k2 + 4k) + 4. 


If follows at once that the square of a natural number not 
divisible by 5 gives on dividing by 5 the remainder 1 or 4. 
Tf, therefore, in the pythagorean triangle (x, y, x) neither 
of the sides x and y is divisible by 5, then each of the 
numbers x* and y? would, on dividing by 5, give the 
remainder 1 or 4. Hence it follows easily that x? + y? 
would give, on dividing by 5, the remainder 2, 3 or 0. 
But as x? + y? = 2%, the first two cases cannot hold, 
as the number 2”, being the square of a natural number 
cannot, as we have seen, on dividing by 5, give the re- 
mainder 2 or 3. Therefore, the third case must hold, 
from which it follows that the number 2? and, therefore, 
also the number z must be divisible by 5. If then in a 
pythagorean triangle neither of the arms is divisible by 5, 
then the hypotenuse must be divisible by 5. 
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It is easy to see that in a primitive pythagorean triangle 
only one of the sides is divisible by 5. As follows from 
an inspection of the triangles (5, 12, 13), (21, 20, 29) and 
(3, 4, 5), the side divisible by 5 may be the hypotenuse 
or one of the arms, which may be even or odd. 

From the pythagorean triangle (3, 4, 5) it follows at 
once that the numbers 1, 2, 3, 4 and 5 are the only num- 
bers n for which the theorem holds that in each pythag- 
orean triangle at least one of the sides is divisible by n. 
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6. THE VALUES OF THE SIDES OF 
PYTHAGOREAN TRIANGLES 


6.1 The question now arises; for what natural numbers 
n do there exist pythagorean triangles in which one of 
the arms is n? We shall prove that in order that a 
pythagorean triangle exists for which one of the arms is n 
it is necessary and sufficient that n be a natural number 
>2. 

In order to prove the necessity of our condition, we 
observe that in a pythagorean triangle (a, b, c) we have 
a? = c? — b? = (c — be + b) where cand b are natural 
numbers, c > 6. Hence 6 > 1, c > 2, c- 6 > 1, and 
c+b>2+41 =3, so a? > 3 and a ¥ 1. Moreover, 
a # 2, because then we would have 4 = (c — b)(c + 6), 
which, as c ~ 6 > 1, andc + 6 > 3 givesc-—b=1, 
c + b = 4, whence 2c = 5. This is impossible because 
cis a natural number. The arms of a pythagorean triangle 
must therefore be > 2. 

If now 2 is an odd natural number > 2, then 


eames! 


4(n? — 1) and 4(n? + 1) being natural numbers, and 
we have the pythagorean triangle 


with an arm equal to n. 
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If however n is an even natural number >2, then we 


have 
‘n? 2 ‘n? 2 
2 —_—_ = |— 
m+ (5 1) (F +1) 


n? n? 
where a 1 and rr + 1 are natural numbers, and we 


‘ n? n? 
have the pythagorean triangle |», ae 1, qt 1 
with an arm equal to n. 
Consequently our condition is sufficient. 
Here are pythagorean triangles with arms equal to 
3,4,..., 10: 


(3, 4, 5), (4, 3, 5), (5, 12, 13), (6, 8, 10), (7, 24, 25), 
(8, 6, 10), (9, 40, 41), (10, 24, 26). 


However, we cannot say that for each natural number 
n > 2 there exists a primitive pythagorean triangle with 
one of its arms equal to n. For instance, we do not have a 
primitive pythagorean triangle with an arm equal to 6. 
For, from theorem 1, it would follow that for some 
relatively prime numbers m and 1, one of which is even, 
we must have 6 = 2mn, that is mn = 3 which is im- 
possible. 


6.2 It is more difficult to answer the question: for 
what natural numbers n do there exist pythagorean 
triangles whose hypotenuse is n? We state without 
proof that in order that given a natural number n there 
exist a pythagorean triangle with hypotenuse n, it is 
necessary and sufficient that the number n have at least one 
prime factor of the form 4k + 1. 
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Thus for 1 < 100, there exist pythagorean triangles 

with hypotenuse n = 5, 10, 13, 15, 17, 20, 25, 26, 29, 
30, 34, 35, 37, 39, 40, 41, 45, 50, 51, 52, 53, 55, 58, 60, 
61, 65, 68, 70, 73, 74, 75, 78, 80, 82, 85, 87, 89, 90, 91, 
95, 97, 100, and no others. 
6.3 It is easy to prove the existence of infinitely many 
pairs of pythagorean triangles whose hypotenuses are 
given by two successive natural numbers m and n + 1. 
This follows at once from the identities 


(25 + 65k)? = (15 + 39k)? + (20 + 52k)? 
(26 + 65k)? = (10 + 25k)? + (24 + 60k)? 
fork = 0,1, 2,.... 


6.4 We can also prove (this is more difficult) that for 
an arbitrary natural number m there exist m pythagorean 
triangles the hypotenuses of which are given by successive 
natural numbers, n,n +1, + 2,...,n +m—1. 
Thus for m = 3, we have the three triangles 
(15, 36, 39), (24, 32, 40) and (9, 40, 41) where n = 39; 
similarly, if m = 4, we have the triangles (30, 40, 50), 
(24, 45, 51), (20, 48, 52) and (28, 45, 53), with n = 50. 


6.5 As we know, there exists no pythagorean triangle 
all of whose sides are prime numbers, since at least one 
of the sides must be divisible by 4. We do not know if 
there exist an infinity of pythagorean triangles in which 
the hypotenuse and one arm are prime numbers. This 
problem is equivalent to the problem of whether the 
equation 2p = q? + 1 has an infinity of solutions in 
prime numbers p and g. For if p? = q? + r? where p and 
q are prime and r is a natural number, we have 
(p — r)(p + r) = gandp — randp + rare two distinct 
divisors of the number q?. The number q being prime, 
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the number q? has only the divisors 1, g, g?. Therefore, 
we find that p — r = 1,p + r = q?, whence 2p = g? + 1, 
On the other hand if p and q are prime numbers and 
2p = q? + 1 we have p? = q? + (p — 1)? which gives a 
pythagorean triangle of which the hypotenuse p and one 
of the sides g are prime numbers. 

For obtaining successively all the triangles, it is 

sufficient to take as q all the consecutive odd primes and 
examine if the number 4(q? + 1) is prime. The prime 
numbers q < 100 for which this is so are g = 3, 5, 11, 19, 
29, 59, 61, 71 and 79, which give the pythagorean tri- 
angles (3, 4, 5), (5, 12, 13), (11, 60, 61), (19, 180, 181), 
(29, 420, 421), (59, 1740, 1741), (61, 1860, 1861), 
(71, 2520, 2521) and (79, 3120, 3121). 
6.6 Given a natural number 2, let P,(n), P,(n) and 
P,(n) be the number of all the primitive pythagorean 
triangles whose hypotenuses, perimeters and areas 
respectively are not greater than n. D. N. Lehmer has 
shown! that 


2 
tim Pal”) = - and lim Pol”) = he? 
nom n 2a n+o 1 ie 

and J. Lambert and L. Moser have shown? that 
lim Po(tt) =¢ 


nao Vn 

where c is a constant = 0-531340.... 

Lehmer has also done further researches on the functions 
P,(n), P,(n) and P,(n).? 

2 Amer, Journ. Math., vol. 22 (1900), pp. 293-335. 

2 J. Lambert and L. Moser, “On the distribution of pythagorean 
triangles.” Pacific Journ. Math., vol. 5 (1955), pp. 73-83. 

31), N. Lehmer, Bull. Amer. Math. Soc., vol. 54 (1948), pp. 1185~ 


1190. E. Roy Wild on the number of primitive pythagorean triangles, 
Pacific Journ, Math,, vol. 5 (1955), pp. 85-91. 


[29] 


7. PYTHAGOREAN TRIANGLES WITH 
THE SAME ARM OR THE SAME 
HYPOTENUSE 


7.1 There exist only a finite number of pythagorean 
triangles with a given arm a. This is apparent because 
in such a triangle (a, , c) it follows from the factoriza- 
tion a? = (c — b)(c + b) that b + ¢ must be a factor 
of a®. Therefore, b < a? and ¢ < a*, and the number of 
combinations of such natural numbers 5, c is finite. 


7.2 However, it is easy to prove that for each natural 
number n there exist at least n different pythagorean 
triangles with the same arm a, where a is some natural 
number. To prove this we suppose that 


by, = 2*(22"-2k — 1), Ce = 2K(22"-2k 4 1) 
for k = 0,1,2,...,2—1. The numbers 663. Cap tiss5 


n-1 are obviously different as they give on division by 
2” different remainders; also 

ra = 2 = (20t4y4, 
Taking a = 2"*! we then obtain n pythagorean triangles 
(4, by, cx), k = 0, 1, 2,..., — 1, with the same arm a 
and with different hypotenuses. 

For example, for n = 2 we obtain in this manner two 
different pythagorean triangles (8, 15, 17) and (8, 6, 10) 
with the same arm 8, and for n = 3, we obtain three 
different pythagorean triangles (16, 63, 65), (16, 30, 34) 
and (16, 12, 20) with the same arm 16. 


7.3 It would be a little more difficult to prove that 


[30] 


PYTHAGOREAN TRIANGLES 


for each natural number n there exist at least n different 
primitive pythagorean triangles with a common arm. 

For example, for n = 2 the triangles are (5, 12, 13) and 
(35, 12,37) and for n= 4 they are (105, 88, 137), 
(105, 208, 233), (105, 608, 617) and (105, 5512, 5513). 


7.4 There exist only a finite number of pythagorean 
triangles with a given hypotenuse c, because in any such 
triangle (a, 6, c) we must have a < cand 6 < c, and the 
number of possibilities for a given natural number c is 
finite. However, for each natural number n there exist at 
least n different triangles with the same hypotenuse. 'To 
prove this for a given natural number n we take 


c= (37 + 14? + 1)... [(n + 2)? 4 1] 


The numbers c/(k? + 1) will be natural fork = 3, 4,..., 
n + 2, and hence also the numbers 


Re -1 2ke 
(15) a, = Fai ic and by, = Fai 
where k = 3,4,...,2 + 2, will be natural numbers. 


But because of the identity 
k? —1 \? 2ke \? 
sek i ances CR (alisharsisca 
f - (FF) + (er) 
we have 


c= a,? + b,2 fork = 3,4,..., + 2, 
and the triangles (a,,4,,c) are pythagorean for 
k = 3,4,...,.2 +2. 
From (15), we have 


k? — 2k —1 
% ~ be = Faye 
— 1) — 
= > 0 fork =3,4,...0 +2, 
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and also 


2e 
% = 6 — BF fork = 3,4, ...," + 2, 


whence 
G3 < Ag < Ag <<... < Any. 


Thus in the pythagorean triangles (a,, b,, c) where 
k = 3,4,...,m + 2 the greater arms increase. There- 
fore, these triangles are not congruent and are n in 
number, all of them having the same hypotenuse c. 


7.5 It would be more difficult to prove that there 
exist an arbitrary number of primitive pythagorean tri- 
angles with the same hypotenuse. Ch. L. Schedd gave 64 


different primitive triangles with hypotenuse 2576450045 
= 5-13-17-29.37-41-53.1 


* Scripta Mathematica, vol. 15 (1949), p. 132. 
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8. PYTHAGOREAN TRIANGLES WITH THE 
SAME PERIMETER 


8.1 It is easy to prove that for each natural number n 
there exist at least n non-congruent pythagorean triangles 
with the same perimeter. 

We note first that among the infinite number of primi- 
tive pythagorean triangles, there is no one pair of similar 
triangles. We consider n such different triangles (a, by, ¢x) 
where k = 1, 2,..., and let 


a, +b, + Ce = 5% fork = 1,2,...,0 
and 

3 1 MS, ge Des 

S = Sy, Say 000s Sny ara bem 
c= fork =1,2,...50. 
Ste 

Then aj, + 5; + cj, = s fork = 1,2,..., and no two 
of the pythagorean triangles (a;, bj, c,) where k = 1, 
2, ...,n will be similar because they are similar to the 


triangles (a,, 5,, ¢,) and so a fortiori they would not be 
congruent. 


8.2 Obviously in the above proof, instead of determining 
s as the product of all the numbers sy, sg,..., 5, we can 
determine s as the least common multiple of the numbers 
$1) Say +++) Sq» In this way, from the triangles (3, 4, 5) 
and (5, 12, 13) we obtain two triangles (15, 20, 25) and 
(10, 24, 26) with the same perimeter equal to 60 and 
from the triangles (3, 4, 5), (5, 12, 13) and (15, 8, 17) we 
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obtain three triangles (30, 40, 50), (20, 48, 52) and 
(45, 24, 51) with the same perimeter equal to 120. 


8.3 Three primitive pythagorean triangles are also 
found with the same perimeter: (3255, 5032, 5993), 
(7055, 168, 7057) and (119, 7080, 7081).2 There also 
exist primitive pythagorean triangles whose perimeter is 
the square of a natural number; the smallest of them is the 
triangle (16, 63, 65) with the perimeter 127, A non- 
primitive pythagorean triangle with the same perimeter 
is (36, 48, 60). The primitive pythagorean triangle 
(252, 275, 373) has the perimeter 302. The non-primitive 
pythagorean triangles (150, 360, 390) and (90, 400, 410) 
have the same perimeter. It can be proved that for each 
natural number & there exists a primitive pythagorean 
triangle, whose perimeter is a kth power of a natural 
number. Let m = 2-1 kk, = (2k — 1) ~ m. It is 
easy to prove, that will be a natural number < m, and 
(m,n) = 1. Determining the numbers x,y, and z from 
theorem 1, we obtain the primitive pythagorean triangle 
with perimeter [2k(2k — 1)]". 

8.4 Taking as a basis theorem 1 it can easily be proved 
that in order that a natural number s be a perimeter of a 
pythagorean triangle, it is necessary and sufficient that 
it be of the form 2km(m + n), where k, m and n are 
natural numbers and m > n. All such s < 100 are the 
numbers 12, 24, 30, 36, 48, 56, 60, 70, 72, 80, 84, 90 
and 96. 


8.5 P. Fermat was engaged in finding pythagorean 
triangles in which the sum of the arms equals a given 
number A. It can be proved by elementary means that 


? Anema, Andrew S., “Pythagorean Triangles with Equal Peri- 
meters”, Scripta Mathematica, vol. 15 (1949), p. 89, 
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in order that a natural number A equal the sum of the 
arms of a pythagorean triangle it is necessary and sufficient 
that A be divisible by at least one prime number of the 
form 8k + 1. All such A < 50 are the numbers 7, 14, 
17, 21, 23, 28, 31, 34, 35, 41, 42, 46, 47 and 49. 
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9. PYTHAGOREAN TRIANGLES WITH THE 
SAME AREAS 


9.1 From the given table (2.7) of primitive pythagorean 
triangles and their areas it follows that the triangles 
(21, 20, 29) and (35, 12, 37) have the same area equal to 
210 and that there are no smaller primitive pythagorean 
triangles with different hypotenuses and the same areas. 

If, however, we also want to take into consideration 
non-primitive pythagorean triangles with hypotenuses 
< 37, then it is necessary to consider the triangles: 


Taking into consideration these triangles we see that 
there are no triangles with different hypotenuses < 37 
(and also with area < 210) having the same area. Hence: 

The smallest pair of pythagorean triangles with different 
hypotenuses and the same area is the pair of triangles 
(21, 20, 29) and (35, 12, 37). 

We observe that right-angled triangles with the same 
area and same hypotenuse must be congruent. For if 
(@,, by, €;) and (ag, bg, 9) are such triangles and a, > b,, 
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ag > by then from the hypothesis we have a,b, = @obq 
and c, = Cg. Hence 
a2 + by? = ag? + b,? 
whence 
(a, — by)? = (aq ~ bq)? and (a, + b,)® = (a2 + b,)? 
which gives 
a, — by = a, — by and a, + by = ag + by 
hence a, = a, and b, = bg, which was to be proved. 


9.2. From the table (2.7) it follows that the pythagorean 
triangle (15, 112, 113) has the area 840 = 4-210 which 
is four times the area of the triangles (21, 20, 29) and 
(35, 12, 37); hence this area is equal to that of each of 
the triangles (42, 40, 58) and (70, 24, 74) obtained from 
the preceding triangles by doubling the sides. We have, 
therefore, three pythagorean triangles with different 
hypotenuses and the same areas, 


(15, 112, 113), (42, 40, 58), (70, 24, 74) 


Not all the three triangles are primitive. It has been 
proved that the smallest area common to three primitive 
pythagorean triangles is 13123110, and these triangles 
are (4485, 5852, 7373), (19019, 1380, 19069), (3059, 
8580, 9109). 

9.3. The problem now arises whether it is possible to 
obtain arbitrarily many pythagorean triangles with 
different hypotenuses and the same areas. The answer to 
this problem is given by the following theorem of 
Termat: 

Theorem 3. For each natural number n there exist n 
pythagorean triangles with different hypotenuses and the 
same area. 
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This theorem follows at once by induction from the 
following lemma: 


Lemma. If we have n > 1 pythagorean triangles with 
different hypotenuses and the same area and one of them 
has a hypotenuse which is an odd number, then we can 
find n + 1 pythagorean triangles with different hypotenuses 
and the same area such that one of them has an odd 
hypotenuse. 


Proof: Let n > 1 denote a given natural number and 
let the m given pythagorean triangles be (a,, by, c,) where 
a, <b, < %, k= 1,2,...,n, the hypotenuses being 
different and the areas being equal while the number on 
is odd. Put 


(16) a, = 2(6,7 — 4y7)Cya,, by = 2(b,? — a?)eyby, 
ce = 2(b,? — ay*)eyc, 
fork = 1,2,...,, and 
(17) any, = (8? — ay"), bags = 4ayb,c,?, 
Cri = 40,7b,? + c,4 
Triangles (aj, bj, ci) where k = 1, 2,..., mare pythag- 
orean because their sides are natural numbers and they 
are similar to the pythagorean triangles (ay, by, cy). 
That the triangle (@),,1, 5,41, Cn+1) is pythagorean 
follows from the formulae (17), formula a,? + by? = ¢,? 


for the pythagorean triangle (a,, 5,,¢,) and from the 
easily verified identity 


(B? — a?)* + 16a7b?(a? + b2)? = [4a7b? + (a? + 5?)?]?. 
We now show that the triangles (a,, b,, ¢,) where 


k=1,2,...,n4+1 satisfy our conditions. Indeed let 
A be the area of each of the triangles (4x, by, ¢,) where 
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k = 1,2,...,n. Therefore, a,b, = 2A fork = 1,2, .- ot 
and since from (16) the area of the triangle (aj, bj, ci), 
where k = 1, 2,..., m, is equal to 
4ajbj, = 2(b? - a,”)°c,?a,b, = 4(b,? — a,?)?e? A 
and the area of the triangle (a),,1, 5441, ¢h+1) is, from 
(17), equal to 
dais ya = 2(b)? — a@;”)?a,byc,? = 4(b,? — a,?)?c?A 
it follows that the triangles (aj, bj, c,) where k = 
1, 2,...,2 + 1 have the same area. ; 
Triangles (aj, bj, cy), k = 1,2,...,n, have different 
hypotenuses because the numbers ¢,, where k= 
1,2,...,m, being the hypotenuses of the triangles 
(yy byy Cy) (R = 1, 2,..., 2) are all different, and from 
(16) are all even. However, the number Gaia) 18) 
because, of (17) odd, as by hypothesis c, is odd. The 
numbers cj, where k = 1,2,..., + 1, are, therefore, 
all different. 
Our lemma is therefore proved. 
9.4 We take the simplest case of our general lemma, 
with n = 1, The smallest pythagorean triangle to which 
our lemma can be applied is obviously the triangle with 
sides 
a, = 3, b, = 4, = 5. 
We obtain from this two pythagorean triangles (a4, bj, ¢4) 
and (a), 6%, c) with the same area where by means of 
formula (16), because 
2(b,? — a,?)cy = 2-7-5 = 70, 
we find 
a, = 70-3 = 210, b, = 70-4 = 283, 
cy = 70-5 = 350. 
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Using formula (17) we find 


a, = (42 — 3%) = 49, b= 4.3.4.52 = 1200, 
ch = 4.39.42 4 54 = 1201. 


We have obtained two pythagorean triangles (210, 280, 
350) and (49, 1200, 1201) with different hypotenuses (of 
which one is odd) and with the same areas equal to 
29400. 

If our lemma is applied to these triangles we obtain 
three pythagorean triangles with different hypotenuses 
and the same area. Each of their sides would be expressed 
by a number of more than ten digits. However, we already 
found by another method three such triangles, the sides 
of which were expressed by numbers of no more than 
three digits. There were also found four pythagorean 
triangles with different hypotenuses and equal areas, 
having all their sides expressed by number of no more 
than four digits. The triangles are: (518, 1320, 1418), 
(280, 2442, 2458), (231, 2960, 2969), (111, 6160, 6161) 
with an area equal to 341880. There were also found 
five such triangles, having sides expressed by numbers 
of no more than five digits: (2805, 52416, 52491), 
(3168, 46410, 46518), (5236, 28080, 28564), (6006, 
24480, 25206), (8580, 17136, 19164) with an area equal 
to 73513440, 


9.5 There obviously exist at most a finite number of 
pythagorean triangles with given area A, because the 
arms must be the factors of 2 /\. However, from the proof 
of our lemma it follows’ easily that, for instance, there 
exist infinitely many different right triangles with rational 
sides and areas equal to 6. 

Indeed, from the proof of our lemma it follows that 
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if we have n > 1 pythagorean triangles with different 
hypotenuses, one of which is odd, and with area Ay 
then there exist n + 1 pythagorean triangles with differ- 
ent hypotenuses, one of which is odd, and with area Ad? 
where d is a natural number. Starting with the triangle 
(3, 4, 5) and applying our lemma n — 1 times we obtain 
n pythagorean triangles with different hypotenuses and 
with area 6m? where m is some natural number depending 
on n. Reducing the sides of each of these triangles m 
times we obtain n different right triangles with rational 
sides and with area equal to 6. Because of the arbitrariness 
of the natural number 2, it follows that the number of 
different triangles with rational sides and with area 
equal to 6 cannot be finite. Therefore, such triangles 
are infinitely many, which was to be proved. 
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9a. THE RADIT OF CIRCLES INSCRIBED 
IN PYTHAGOREAN TRIANGLES 


9a.l Theorem 1. In every pythagorean triangle the 
radius of the in-circle and the radii of the three ex-circles 
are natural numbers. 


Proof: If r is the radius of the in-circle of the 
pythagorean triangle (a, b, c) we show easily that 
r=}a+b-c), 

Now if we denote by rq, r,, r, the radii of the ex-circles 
of the triangle (a, b, c), we show easily that 


re=Mate-b, n=b4+e~a), 
r= ia+b+c) 


whence, as above, it follows that Tq) Tp, 7, are natural. We 
have then THraotm+re=a+b+c, and, as we 
verify easily, rer, = rg-r,. Conversely, we can show 
that if for a triangle with sides a, b, ¢ we have either one 
of these two equalities, the triangle is right. 

For every natural number r there exists a primitive 
pythagorean triangle the radius of whose in-circle is r. 
As we easily verify such a triangle is 


(2 + 1, 27? + 27, 279 + 2r + 1), 


For r = 1, there exists only one such i 

‘ pythagorean tri- 
angle (3, 4, 5). For r = 2, there exist only two pythag- 
orean triangles (5, 12, 13) and (6, 8, 10), of which only 
the first is primitive. For r = 3, there exist only three 


* See R. K. Gray, The Math. Gazette, vol. 39 (1950), pp. 56-57. 
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pythagorean triangles: (7, 24, 25), (15,8, 17) and 
(9, 12, 15) of which the first two are primitive. 


9a.2 Theorem 2. If r is a natural number and k > 0 
equals the number of odd prime divisors of 1, there exist 
precisely 2" primitive pythagorean triangles no two of 
which are superposable and of which the radius of the 
tn-circle is r. 


Proof: Let (a, 6, c) where 6 is an even number be a 
primitive pythagorean triangle the radius of whose 
in-circle is the natural number r. As we know, r = 
3(a + b —c). From theorem 1, page 42, there exists only 
one system of two natural numbers m and n prime to 
each other such that m> on, 2|mn, a= m? — n?, 
b = 2mn, c = m® + n?, where r = (m—n)n, From 
(m,n) = 1, we have also(m — n,n) = 1 and the number 
m-—n is odd (from 2|mn and (m,n) = 1). Every 
pythagorean triangle for which the radius of the in-circle 
is r then determines a decomposition of the number r 
into a product of two numbers prime to each other of 
which the first is odd. 

On the other hand let us suppose that r = uv is any 
decomposition whatsoever of the number r into a product 
of two natural numbers prime to each other, of which the 
first is odd. On putting m =u + v, n =v, we will 
have from (u, v) = 1, (m,n) = 1, and one of the numbers 
m and n is even (since u being odd, if n = v is odd the 
number m = u + v is even). We also have m>n, 
On putting a = m? — n®, b = 2mn, c = m* + n?, we 
obtain a primitive pythagorean triangle for which the 
radius of the in-circle will be (m — n)n = uv = r. Thus 
every decomposition of the number r into a product of 
two numbers prime to each other, the first of which is 
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odd, determines a primitive pythagorean triangle for 
which the radius of the in-circle is r. 

Thus for every natural 7 there exist as many primitive 
pythagorean triangles (no two being congruent), for 
which the radius of the in-circle is r, as there are distinct 
decompositions of the number r into a product of two 
relatively prime factors the first of which is odd. We 
easily show that if k > 0 is the number of odd prime 
divisors of r, there are 2* such decompositions whence 
we obtain theorem 2 of this section. 


9a.3 The question now arises how we can obtain all 
the pythagorean triangles for which the radius of the 
in-circle is a given natural number r. 

Let (a,b,c) be a pythagorean triangle where the 
numbers a, b and c have the greatest common divisor d. 
Putting @ = da,,b = db,,c = dc, we obtaina primitive 
pythagorean triangle (a,, b,,c,); the number 4a, + 
b, — c,) will then be natural. For the radius of the circle 
of the triangle (a, b, c) we will have formula 

rpadtb-e_gath-g 
2 2 
whence it follows that d|r and r = dr, where r, is the 
radius of the in-circle of the primitive pythagorean 
triangle (a, b,, c,). 

On the other hand if r, is the radius of the in-circle 
of the primitive pythagorean triangle (4, 6, ¢;) and 
dis a natural number, r = dr, will be the radius of the 
in-circle of the pythagorean triangle (da,, db,, dc,) whose 
sides have the greatest common divisor d. 

It follows from this that in order to find all the pythag- 
orean triangles for which the radius is a given natural 
number 7, it is enough to determine for any divisor 
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d of r, all the primitive pythagorean triangles for which 
the radius of the in-circle is r, = r/d, and then multiply 
the sides of the triangle by d. 

On applying this method we find, for example, all the 
pythagorean triangles for which the radius of the in- 
circle is respectively r = 1, 2,3,4,5. Forr = 1,d = 1, 
r =r, = uv where u = v = 1. This gives m = 2,n = 1 
whence a = 3, b = 4,c = 5. There exists then only one 
pythagorean triangle whose in-radius is 1, namely the 
(primitive) triangle (3, 4, 5). 

For r = 2 we can have d = 1 ord = 2. Ford = 1, we 
obtain r = r, = uv where u = 1, v = 2 whence m = 3, 
n = 2 which gives the primitive triangle (5, 12, 13). 
For d = 2, we have r = 2r, where r; = 1. As we have 
found above, the only primitive triangle whose in-radius 
is 1 is the triangle (3, 4, 5), so on multiplying its sides 
by the number d = 2, we obtain the triangle (6, 8, 10). 
There then exist only two pythagorean triangles whose 
in-radius is 2, namely the triangles (5, 12, 13) and 
(6, 8, 10), of which only the first is primitive. 

For r = 3, we can have d = 1 or d = 3. Ford = 1, 
we find r =r, = uv where u = 1, v = 3 or u = 3, 
v =1 which gives m= 4, n=3 or m=4, n=1; 
whence we obtain two primitive triangles (7, 24, 25) and 
(15, 8, 17). For d = 3 we find r = 37, where r, = 1, 
which as we know gives the primitive triangle (3, 4, 5); 
on multiplying its sides by d = 3, we obtain the triangle 
(9, 12, 15). There exist then only three pythagorean 
triangles for which the radius of the in-circle is 3, 
namely (7, 24, 25), (15, 8, 17) and (9, 12, 15) of which 
only the first two are primitive. 

For r = 4, we can have d = 1, 2, or 4. For d = 1, we 
obtain only one triangle (which is primitive) (9, 40, 41). 
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For d = 2, we have r = 2r,, where r; = 2; since for 
r, = 2 we found above only one primitive triangle 
(5, 12, 13), on multiplying its sides by d = 2, we obtain 
the triangle (10, 24, 26). For d = 4 we find r = 4r, 
where r, = 1; since, for r; = 1 we found only one 
primitive triangle (3, 4,5), on multiplying its sides 
by d = 4 we obtain the triangle (12, 16, 20). There exist 
then only three pythagorean triangles for which the 
radius of the in-circle is 4, namely (9, 40, 51), (10, 24, 26) 
and (12, 16, 20) of which only the first is primitive. 

For r= 5, we find three pythagorean triangles 
(35, 12, 37), (11, 60, 61), and (15, 20, 25) of which the 
first two are primitive. 

For r= 10, we find six pythagorean triangles 
(21, 220, 221), (45, 28, 53), (70, 24, 74), (22, 120, 122), 
(25, 60, 65) and (30, 40, 50) of which only the first two 
are primitive. 
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10. PYTHAGOREAN TRIANGLES IN 
WHICH ONE OR MORE SIDES ARE 
SQUARES 


10.1 We can prove that there exist infinitely many 
primitive pythagorean triangles whose hypotenuses are 
squares of natural numbers. 

Let (n, m, p) where n < m < p denote any primitive 
pythagorean triangle (and such triangles with different 
hypotenuses are, as we know, infinitely many). We 
know (2.5) that one of the numbers m and n must be 
even while the other must be odd, m and n being rela- 
tively prime. By means of theorem 1, if the numbers 
x, y and z are given by formula (6), we obtain the primi- 
tive pythagorean triangle (x, y, z). We then have 

z= m+n? = p?; 
hence the hypotenuse is a square. 

For example from the primitive triangle (3, 4,5) we 
obtain the primitive triangle (7, 24, 25) the hypotenuse 
of which is a square, and from the primitive triangle 
(5, 12, 13) we obtain the primitive triangle (119, 120, 169) 
where 169 = 137. There exist also pythagorean triangles 
whose hypotenuses are cubes of natural numbers; for 
instance the triangle (117, 44, 125) where 125 = 5°. It 
can also be proved that for each natural number s there 
exists a primitive pythagorcan triangle the hypotenuse of 
which is an s-th power of a natural number and in 
particular the s-th power of the number 5.* 

1 W. Sierpinski. Sur les nombres impairs admettant une seule decom- 


position en une somme de deux carrés de nombres naturels premiers entre 
eux. Elemente der Mathematik, vol. XVI, 2 pp. 27-30 
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10.2 It is also easy to prove that there exist infinitely 
many primitive pythagorean triangles of which one of the 
arms is the square of a natural number. 


For let (q,,m) denote a primitive pythagorean 
triangle where m is an even number, so that g and m are 
odd numbers and (m,n) = 1. From theorem 1, if the 
numbers x, y and 2 are given by formula (6), we obtain 
the pythagorean triangle (x, y, z) in which 


c= m= @. 


Hence one of the arms, namely the odd one, is a square. 

Thus from the triangle (3, 4, 5) we obtain the primitive 
triangle (9, 40, 41) where 9 = 3, and from the primitive 
triangle (5, 12,13) we obtain the primitive triangle 
(25, 312, 313) where 25 = 52. 


10.3 It is also not difficult to prove that there exist 
infinitely many primitive pythagorean triangles in which 
the even arms are squares. 


This follows at once from the identity 
(A* — 4)? + (4h)? = (kt + 4)? 


where it is necessary for k to take odd values, so that the 
numbers k* — 4 and 4k? are relatively prime. 

For k = 1, we then obtain the triangle (3, 2?, 5); 
for k = 3, we have the triangle (77, 6?, 85); for k = 5 
we have the triangle (621, 10?, 629). 


10.4 The question now arises whether there exist 
pythagorean triangles of which two sides are squares. 
The answer to this question is given by the theorem of 
Fermat: 
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Theorem 4. There are no pythagorean triangles of which 
at least two sides are squares. 


Proof: (a) We first suppose that there exist pythagorean 
triangles both of whose arms are squares. Among these 
must obviously be at least one, denoted by (x, y, 2)’ 
whose hypotenuse is not greater than the hypotenuse of 
another arbitrary pythagorean triangle whose arms are 
squares. By means of the supposition about triangle 
(x, y, 2) we have, therefore, 

sea, y=} 
where a and 6 are natural numbers. 
We shall show that the numbers a and 6 must be 


relatively prime. For if @ and b were divisible by a 
natural number d > 1, we would have 


a= da,, b = db; 
where a, and 4, are natural numbers, whence 

2? = d*(a,* + b,*). 
The number 2? is therefore divisible by d*, so that z is 
divisible by d*, whence z = d?z, where z, is a natural 
number. The equality 

d4(a,* + by) = 2? 
on dividing by d‘ gives 

at + bt = 2,? 

where 2, < d?z, = z. The pythagorean triangle 
(a,7, by”, z,) with a hypotenuse less than that of the 
triangle (x, y, 2) would, therefore, have arms which are 
both squares, contrary to the supposition regarding the 
triangle (x, y, 2). 
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The numbers a and 6 and hence also the numbers a? 
and 6? are, therefore, relatively prime. Hence the 
pythagorean triangle (x, y, 2) = (a?, b, 2) is a primitive 
pythagorean triangle. From theorem 1, one of the 
numbers a? and 5, for example, 5? must be even and 
there exist relatively prime natural numbers m and n, 
m > n, one of which is even, such that 


(18) a? = m®—n?,  b? = 2mn, os = mi? + 1. 


If the number m were even and n odd, then in the 
equality a? + 1? = m? which follows from (18), both 
the numbers a and » must be odd. This is impossible 
because, as we have proved (2.5), in the pythagorean 
triangle (a, m,n) at least one of the numbers @ and n 
must be even. Hence m is odd, n = 2k where k is a 
natural number, and m and k are relatively prime 
because m and n are relatively prime. 

From the second equality in (18), we then have 
b? = 2?mk, so b is even. Let b = 2/ where / is a natural 
number. Hence /? = mk and because m and k are rela- 
tively prime, it follows from this equality that m and k 
must be squares; hence m = r2, k = s? where r and s 
are natural numbers. Therefore n = 2k = 2s?. Since, 
from (18), we have a? + 2? = m® and the numbers 
m and n are relatively prime, we infer that the numbers 
a and 1 must be relatively prime; hence (a, n, m) is a 
primitive pythagorean triangle. From theorem 1 and 
considering that 7 is an even number, we confirm that 
there exist relatively prime natural numbers m, and ny, 
one of which is even, such that 


(19) n= 2mm, m = m,? + n,?. 
From n = 2s? we have therefore s? = m,n, and since 
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the numbers m, and 7, are relatively prime, we deduce 
that the numbers m, and n, are squares; hence my = ay? 
n, = b,? where a, and 6, are natural numbers. Since 
m = r°, from (19) we have 


att+bt=r 


in which r < r? = m < m® + n? = 2. The pythagorean 
triangle (a,, b,?, r) with a hypotenuse less than that of 
the triangle (x,y,z) would then have arms both of 
which are squares, contary to the supposition regarding 
the triangle (x, y, 2). : 

The supposition that there exist pythagorean tri- 
angles both of whose arms are squares leads to a contra- 
diction. We have thus proved that there are no such 
triangles. : 

(b) We now suppose that there exist pythagorean 
triangles of which one arm and the hypotenuse are 
squares. Let the triangle (x, y, z) denote such a triangle 
with hypotenuse no greater than the hypotenuse of 
any other arbitrary pythagorean triangle of which the 
hypotenuse and one arm are squares. We have, therefore, 
for example, x = a?, x = c? where a and ¢ are natural 
numbers. We show that the pythagorean triangle (x, y, 2) 
is primitive. It is sufficient to prove that the numbers x 
and z are relatively prime. 

We first suppose that this is not so. As x = a” and 
z = c?, the numbers a and ¢ cannot be relatively prime, 
and therefore possess a common factor d> 1. We 
suppose that 

a = da,, c= dey. 
The numbers a, and c, are natural and we have 
x =a? = da? s=ct= die,. 
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Hence 
y? = 27 — x? = d4(c,* — a,4) 


whence d‘|y? which gives d?|y so that y = d?y, where 
y1 is a natural number. From the formula 
x7 + yy? = 27, 
substituting and dividing by d*, we obtain 
at + yi? = 4 
in which, from z = d?c,? and d > 1, we have c,? < z. 
In the pythagorean triangle (a,?, y;, ¢,2) the hypotenuse 
and one of the arms are, therefore, squares and the 
hypotenuse <z contrary to the supposition about the 
triangle (x, y, z). We have thus proved that the triangle 
(x, y, 2) is primitive. 
If y were even, then by theorem 1, there would exist 


relatively prime numbers m and n, where m > n, such 
that 


2 
@=x=m—n, y=22mn, = 2 = m+n? 
whence c? > m? and (ac)? = m* — n, so that 
n* + (ac)? = m‘. 


In the pythagorean triangle (n?, ac, m) the hypotenuse 
m* < z and one of the arms would then be squares, 
contrary to the supposition about the triangle (x, y, 2). 
The number y must therefore be odd, and so the number 
x = a” must be even. 

Because a* + y? = c‘, where a is even and y is odd, 
so that c is odd, we have 


y? = ch — at = (c? — ac? + a). 
The odd numbers c? — a® and c? + a? are relatively 
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prime, for their common factor is a factor of 2c? and 2a? 
and so, being odd, is also a factor of the numbers 3 = c? 
and x = a? which are relatively prime. From the last 
equality, we deduce the existence of relatively prime 
natural numbers r and s > r, such that 


ea—@ge=r', e+ = s?, 


Hence 2c? = r? + s? which gives 


s +r)? s —r\? 

(+) o (+) =e 
The numbers }(s + r) and 4(s - r) are natural, since 
the numbers 7 and s are odd and relatively prime, as 
their sum s and their difference r are relatively prime. 
It follows from theorem (1) that there exist relatively 
prime natural numbers m and n, one of which is even, 


such that 


s+r s-r 
—— = m — n? — — = 2mn, c= m+n? 
2 , 2 
or 
=F s+r 
z =m? — n3, 2 = 2mn, c= m? +n? 


Hence in each case 
2a? = 5? — ry? = 8mn(m? — n?) 
and since from the evenness of the number a, we have 
a = 2a, where a, is a natural number, we have 
(20) a,2 = mn(m — n)(m + n). 
Numbers m and n are relatively prime and one of 


them is even. Hence it easily follows that the numbers 
m—n and m +n are relatively prime. Since, as is 
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easy to observe, each of the numbers m and n is relatively 
prime to each of the numbers m — n and m + n, every 
Pair of the four factors on the right side of formula (20) 
are relatively prime. It therefore follows that each of 
them is the square of a natural number, 

There exist therefore natural numbers k, J, p and q 
such that 


(21) m=#, =P, m—n =p? m+n = q?, 


Hence 
Wt — It = (pq)? 
where 
Mam < m+n sc< =z, 


so that k? < x all the more. In the Pythagorean triangle 
(?, pq, k®) the hypotenuse k? < x and one of the arms 
is then a square contrary to the supposition about the 
triangle (x, y, 2). 

The supposition that there exist pythagorean triangles 
of which the hypotenuse and one arm are squares leads 
to a contradiction. Hence there are no such triangles. 

Theorem 4 is then proved. It follows from this, in 
particular, that there exists no pythagorean triangle all 
the sides of which are squares. In connection with this theo- 
rem the late Prof. K. Zarankiewicz put the problem: 
Do there exist pythagorean triangles of which each side 
would be a triangular number? (By the nth triangular 
number we mean the number 

Pres n(n + 1) 
oe 
where n is a natural number.) 
As is easy to verify, one example of such a pythagorean 
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triangle is (t192, t143, ties) = (8778, 10296, 13530). It can 
be proved that if T is any pythagorean triangle, then there 
exist an infinite number of pythagorean triangles which 
are similar to the triangle T’ and which have two sides 
expressed by triangular numbers. 

There exist pythagorean triangles whose sides if in- 
creased by 1 are squares, for instance the triangle 
(13? — 1, 10? — 1, 142 — 1) as was established by Jones, 
or the triangle (2872 — 1, 2652 — 1, 329? — 1), found 
by Travers (see Scripta Mathematica, vol. XII (1946), 
p. 259). 

L. Jesmanowicz put the question whether for each 
pythagorean triangle (a, b, c) the equation a? + bY = ¢* 
has in natural numbers only one solution x = yor =2, 
J. Jozefiak proved this holds for an infinite number of 
primitive pythagorean triangles, in particular for all 
triangles (2?" — 1, 2n+1, an 4 1), where n = 1, 2, 3, 

- -, a8, for instance, for the triangles (3, 4, 5), (15, 8, 17). 
Further results on this topic are due to Chao Ko.) 
10.5 An algebraic form of the statement that there 
exists no pythagorean triangle all of whose sides are 
squares is obviously the theorem that the equation 


xt 4 yt = gf 


has no solution x, y, z in natural numbers. This is a particu- 
lar case of the famous so-called last theorem of Fermat: 


Theorem. If nis a natural number > 2, then the equation 
xf yt = gh 
does not possess a solution for x, y, % in natural numbers. 


1 See W. Sierpinski, Teoria Liczb, vol. 2, Warsaw, 1959. 
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This theorem has been proved for all exponents n 
such that 2 < n < 4003 and for infinitely many others, 
but the proof for all exponents n > 2 is not known, 
Even for the smallest exponent n = 3 the proof of the 
theorem of Fermat is difficult. It is also difficult to 
prove that there exists no bythagorean triangle all the 
sides of which are cubes. From Fermat's last theorem 
it follows that if n is a natural number >1, there is no 
pythagorean triangle of which each side is the nth power 
of a natural number. We do not possess the proof of this 
theorem for all natural n, 

Instead, from Fermat’s last theorem for 2 — 3, 
A. Wakulicz has deduced by elementary methods that 
there is no pythagorean triangle both arms of which are cubes 
of natural numbers, 

On the other hand it is easy to prove the follow- 
ing theorem: 

For each pythagorean triangle (a, b, c) and each natural 
number n there exists a triangle similar to the triangle 
(4, , ¢), each side of which is a power of a natural number, 
the exponent being a natural number > n. 

Let (a, b, c) be the given pythagorean triangle, the 
given natural number. Then we have a? + B= 3, 
Multiplying both sides of this identity by the number 
q2(4n? ~ 1) pan(an + 1X0 - 1),4n9¢an — 1) and in view of the 
equalities 4n(2n + 1)(n ~ 1) + 2 = 2(2n — 1)(2n? — 1) 
and 4n?(2n — 1) + 2 = (2n + 1)(4n? — 4n + 2) we ob- 
tain, as can be easily verified: 


[(a2"bO2n + Din can— ryan] ay [(a2"#1p2" ~4¢an2)2"- 179 
= [(a2"~ 1h2n(m—1¢an? an +1)9"+ 2 


which gives a pythagorean triangle, similar to the 
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triangle (a, 6, c) having sides which are powers of natural 
numbers with exponents 2n, 2n~1 and 2n +1. 
Hence in particular for n = 2, we obtain 


[(a*b5c®)4]2 + [(a°b7c8)3}2 pa [(a*b*c5)5]2, 


10.6 From theorem 4 we deduce the corollary that 
there is no pythagorean triangle of which the hypotenuse 
and one arm are the arms of another pythagorean triangle, 

For if in a pythagorean triangle the hypotenuse z and 
an arm x were the arms of another pythagorean triangle, 
then for some natural y and u, 


7+ yy? = 22 and x24 227 = 2 
whence 
x + (uy)? = 24 


and two sides of the Pythagorean triangle (x?, uy, 27) 
would be squares, contrary to theorem 4, 


The arithmetic form of our above-proved corollary 
is, as is easy to see, the theorem that there are no two 
natural numbers the sum and difference of their squares 
would be squares of natural numbers, 


10.7 As an immediate corollary of this theorem we 
obtain the following theorem of Fermat: 


Theorem. There is no Pythagorean triangle whose area 
is the square of a natural number, 


For let us suppose that such a pythagorean triangle 
(a, 5, c) exists. We would then have 


a? + 5? = ¢2, 
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By the formula for the areas of a right triangle, 
ab = 2s. If s is the square of a natural number, so that 
s = n*, we would have 


2ab = (2n)? 
whence 
c? + (2n)? = (a + by, ce? — (2m)? = (a — 6)? 


contrary to the above-proved corollary. 
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11, TRIANGLES WITH NATURAL SIDES AND 
NATURAL AREAS, TRIANGLES WITH 
NATURAL AREAS AND SIDES WHICH ARE 
SUCCESSIVE NUMBERS. RATIONAL 
TRIANGLES 


11.1 Each pythagorean triangle has an area which is a 
natural number divisible by 6. For, as we know (2.3 and 
5.1) in each pythagorean triangle at least one of the 
arms is divisible by 4 and at least one is divisible by 3, 
so that their product (equal to double the area of the 
triangle) is divisible by 12. 


11.2 There exist also triangles other than right ones, 
with natural sides and natural areas. We may get such a 
triangle by suitably piecing together two pythagorean 
triangles 7, and 7, in which at least one arm of T, is 
equal to one arm of 7). 

For example, by thus piecing together the pythagorean 
triangles (5, 12, 13) and (9, 12, 15) we obtain the triangle 
(not right angled) with sides 13, 14, and 15 and with 
area 

(5 + 9)-12 
ee, 

Piecing together the pythagorean triangles (5, 12, 13) 
and (35, 12, 37) we obtain the triangle (not right-angled) 
with sides 13, 40 and 37 and with area 240. Adding to- 
gether two triangles congruent to (3, 4, 5) we obtain the 
isosceles triangle with sides 5, 6, 5 and area 12 or the 
isosceles triangle with sides 5, 8, 5 and the same area, 
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In general given two pythagorean triangles (a,, b,, 7) 
and (dg, bg, C2) we may magnify each of them a suitable 
number (natural) of times in order to magnify them into 
triangles having the same arm (for example, the least 
common multiple of 5, and b) and then to piece together 
these two triangles in order to obtain a triangle with 
natural sides and natural area. 


113° However, not every triangle with natural sides 
and natural area can be obtained by piecing together two 
pythagorean triangles (with a common arm). For 
example, the triangle with sides 65, 119, 180 has, as is 
easy to calculate, an area equal to 1638, ‘The double 
of this number = 2?.32-7-13 is not divisible by 
any of the numbers 65 = 5-13, 119 = 7-17 and 
180 = 2?.32.5; hence it follows that none of the 
altitudes of our triangle is a natural number. Our triangle 
cannot, therefore, result from piecing together two 
Pythagorean triangles with common arm, because the 
latter would be both a natural number and one of the 
altitudes of our triangle. Our triangle, however, is similar 
to the five times bigger triangle (with sides 325, 595, 
900) which is composed of two pythagorean triangles 
(91, 588, 595) and (91, 312, 325) with a common arm 
equal to 91. 

11.4 If, however, a triangle has a natural area and if its 
sides are successive natural numbers, then it is the union 
of two pythagorean triangles (with a common arm). 

We shall show first that if a triangle has natural area 
and its sides are successive natural numbers, then the 
smallest of its sides must be odd. For, if the smallest of 
the sides were even = 2k, then we would have a triangle 
with sides 2k, 2k + 1, 2k + 2 and from the well-known 
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formula in elementary geometry for the area s of a 
triangle it follows that 


(45)? = (6h + 3)(2k + 3)(2k + 1)(2k — 1) 
= 43K? + 8k + 2)(4R2 — 1) 4 402 — 1, 


which is impossible because the left side is the square 
of a natural number while the right side on dividing by 
4 gives the remainder 3. 

Hence in our triangle the smallest of the sides must 
be an odd number 2k — 1 (where & is a natural number); 
our triangle has sides 2k — 1, 2k, 2k + 1, and from the 
formula for the area it follows that 


s? = 3k%(k? — 1), 
Hence s? is divisible by %?, from which it follows that 
sis divisible by k, so that 
s= kh, 
where h is a natural number, Denoting by h, the per- 
pendicular on the side 2k, we will have the formula 
for area s = kh, which, because ¢ = hk, gives h = h, 


and proves that the natural number h is the perpendicular 
on the base 2k. On comparing the formulae 


s? = 3k(k? — 1) and 52 = R2f2 
we obtain 
h® = 3(k? — 1), 
But, as is easy to verify, 
3(R? — 1) = (2k ~ 1)? — (k — 2p 
= (2k + 1)? - (k + 292, 

From this it follows easily that the triangles (2k — 1, h, 
k — 2) and (2k + 1,h,k + 2) are pythagorean triangles 
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with a common arm h and their union is the triangle with 
sides 2k — 1, 2k, 2k +. 1. 

Since 3k? = h? + 3, it is also easy to verify that the 
triangles (2k + h + 2, 3k + 2h, 4k + 2h + 1) are py- 
thagorean with common arm and their union is the 
triangle with sides 4k + 2h — 1, 4k + 2h, 4k + 2h +1 
and area (2k + h)(3k + 2h). 

Thus from each triangle with natural area and with 
sides which are successive natural numbers we can 
obtain a bigger triangle with natural area and sides 
which are successive natural numbers. 

Applying this method to the triangle (3, 4, 5) where 
k = 2,h = 3, s = 6 we obtain from it the triangle (not 
pythagorean) with sides 13, 14, 15 where k = 7,h = 12, 
s = 84; from this triangle we obtain again the triangle 
with sides 51, 52, 53 where k = 26, h = 45, s = 1170. 
We then obtain the triangle with sides 193, 194, 195 
where k = 97, h = 168, s = 16296 and so on. 

There exist then infinitely many triangles with natural 
areas and with sides which are successive natural num- 
bers. We can prove that we can obtain all such triangles 
by the method described above. 


11.5 The problem now arises how we can obtain all 
triangles with both area and sides expressible as natural 
numbers. This problem is equivalent to the problem of 
obtaining all triangles with areas and sides rational. 

We call rational triangles those triangles whose sides 
and areas are rational. Each such triangle suitably 
magnified a natural number of times gives a triangle with 
sides and area natural. 

We now show that each rational triangle can be obtained 
by the union of two right-angled triangles with rational 
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sides. For this purpose we observe first that in each 
triangle with rational sides, the altitude lying within the 
triangle divides the base to which it is perpendicular 
into two rational segments. For let a, b, c be the sides of 
a triangle, and 4 its altitude perpendicular to the base c 
(and lying within the triangle). We denote the projections 
of the sides a and b on the side c by a, and, respectively, 
Numbers a, and b, are, therefore, positive, and obviously 
a, + b; =. The altitude h divides our triangle into 
two right triangles (a,, h, a) and (b,, h, 6), of which we 
do not know whether the sides are rational. For these 
triangles, according to the theorem of Pythagoras, we 
have 


(22) a,? = a? — f?, 5,7 = b? — 72 
whence 
a,? — $,? = q? — 82, 
From ¢ =a, +5, we then have c(a, — b,) = 
ay? — 52 = @ — 22, 
and hence 


(23) a, — by = 


a? — 9} 


c 


which, because a, + b, = c, gives 


a® — 53 + ¢2, B — a2 4 (2 
C) aaa 
and proves that the numbers 4, and 5, are rational, 

If now a given triangle with rational sides has rational 
area, then each of the altitudes of the triangle is a 
rational number. For if h is the altitude of such a 
triangle to the base c, then for the area s of the triangle 
we have the formula 
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he 2s 

ee 

Hence because of the rationality of the numbers s and c, 
the number / is rational. Denoting the side corresponding 
to h by c, we can obviously suppose that h lies inside the 
triangle. Then it follows from what we have proved 
above that our triangle is obtained by piecing together 
two right triangles (a,, h, a) and (6;, A, 6) having rational 
sides, which was to be proved. 


s= 


11.6 We note also that efforts have been made to find 
triangles with natural sides and rational medians (i.e., 
the lines joining the vertices to the midpoints of the 
opposite sides). For the median s, (passing through the 
midpoint of the side a) in the triangle with sides a, b, c 
it is easy to derive the formula 

(2s,)? = 2(b? + c?) — a2, 

Using this formula we can verify that the triangle as 
defined by Euler with sides 68, 85, and 87 has rational 
medians s. = 79, 5, = 134, 5, = 127. It has been proved 
that this is the smallest triangle with natural sides and 


rational medians. Other such triangles are (127, 131, 158) 
and (204, 255, 261). 
11.7 Quadrilaterals with rational sides and rational 
diagonals have also been considered. The following 
theorem proved by Kummer in 1848 is of great interest: 
Theorem, In a quadrilateral with rational diagonals and 
rational sides the diagonals are divided at the point of 
intersection into rational parts, 

The original proof of Kummer uses trigonometric 
functions and their properties. 
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Here a proof of Kummer’s theorem making use only 
of elementary geometry is given, 

Let ABCD be a quadrilateral whose sides and diag- 
onals are rational and let O be the point of intersection 
of the diagonals (see figure). Let BE be the altitude of 
the triangle ABC on the side AC. Produce BE until 
EG = FD where FD || EG. We obtain the right triangle 
BGD. The triangle ABC has rational sides; hence—as 
we know—the projection AF of the side AB on AC is 
rational, 


B 


i 


Similarly since the triangle ADC has rational sides, 
the projection FC of the side DC on AC is rational, and 


EF = AC ~ (AE + FC). 


From the right triangle BGD, because of the rationality 
of the sides BD and GD = EF, we deduce that the 
square of the side BG, ie, BG? is a rational number. 
Hence (BE + EG)? is rational. But from the right tri- 
angle ABE, whose sides AB and AF are rational, it 
follows that BE? is a rational number. Similarly from the 
right triangle FDC, we deduce that FD? is a rational 
number, so that EG? is rational since EG = FD. 
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From the rationality of (BE + EG)? = BE? + EG? + 
2BE-EG we then conclude that the product BE-EG is 
rational. Hence 


BE-EG _ EG 
BE? ~ BE 


is rational. But from the similarity of the right triangles 
BEO and DFO we conclude that 


OD_FD_ EG 
BO ~ BE ~ BE 


The ratio OD/BO is then rational, and since the sum 
BO + OD = BD is rational, the parts BO and OD 
must be rational. We similarly prove that the parts AO 
and OC are rational. 

From the theorem of Kummer it at once follows that 
every convex quadrilateral with rational sides and 
rational diagonals is divided by its diagonals into four 
triangles with rational sides. 
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12. PYTHAGOREAN TRIANGLES IN WHICH 
THE HYPOTENUSE AND THE SUM OF 
THE ARMS ARE SQUARES 


12.1 In the year 1643 Fermat put the following 
problem: 


To find a pythagorean triangle in which the hypotenuse 
and the sum of the arms are squares. 


In a letter to Mersenne, Fermat asserted that the 
smallest such triangle is the triangle 
(25) (4565486027761, 1061652293520, 4687298610289), 
This problem of Fermat’s and its solution have a signifi- 
cance deeper than what follows from its content. As a 
matter of fact this apparently simple problem has, as we 
see, a smallest solution in very large numbers, which 
cannot be obtained accidentally or by successive 
guesses. In this connection the following questions 
occur: 

1, How can one arrive at a solution using such very 

large numbers? 

2. How can we prove that the solution given by 

Fermat is indeed the solution in smallest numbers? 

3. How can we obtain all the solutions of this problem? 
12.2 First of all we show how one can arrive by the 
shortest method at the solution given by Fermat. 

The problem posed by Fermat is obviously equivalent 
to the problem of obtaining the solutions x,y, u, v of the 
simultaneous equations 
(26) x? + y? = yf, x+y = 
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in natural numbers. It is sufficient to obtain the solutions 

of the equations (26) in positive rational numbers 

*, ¥, u, v, because reducing them to a common denomi- 

nator m and multiplying the first of the equations (26) 

by m* and the second by m?, we obtain the solutions of 

the equations (26) in natural numbers m?x, my, mu, mv. 
We suppose for a rational number ¢, 


(27) x= (t+ 5)? ~ 12°, y = 24(t + 5). 
We have the identity 
[(@ + 5)? — 122)2 4 [24(¢+5)}? = [(t + 5)? + 127]? 


In order that the numbers (27) satisfy equation (26) it 
is necessary and sufficient that 


(+ 5)? + 122 = 42, (t+ 5)? — 12 + 24 + 5) = v? 
That is, 


(28) P+ 10t + 169 = 42 
and 
(29) P+ 34041 = 92 


The equality (29) gives 
169(t? + 342 + 1) = (13v)?, 
which because of (28) gives 


(30) (130) — u? = 1687 + 57362 = 14y (i2e + *). 


The equality (30) will hold if 


130 — u = 142, 130 + wu = 12¢ 4 68 
hence 
OD and gay IE 
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The first of the formulae (31) gives 
2868 | 7 1434? 
uF P 


In order, therefore, that the number u? satisfy equation 
(28) it is necessary and sufficient that ¢ satisfy the 
equation 


(32) =f 


2 

(33) 102 + 69 = — 7568 ie ea ; 
that is, 

1434? — (13-7)? 1343-1525 
(34) a 2868) 

8) ~ 7.2038 
12 
7 (10 + =) 


On the other hand, if we take the value of t from formula 
(34) and the values x and 9 from (31), then formulae 
(32) and (33) give formula (28) and because of the 
second of the formulae (31) we obtain formula (30) which 
from (28) gives formula (29). But as we know, formulae 
(27), (28) and (29) give formula (26). 

If then we determine the number ¢ from formula (34) 
and the numbers x, y, u, v from formulae (27) and (31), 
we obtain the solution of the set of equations (26) in 
positive rational numbers in which the denominator of 
each of the numbers y, u, v will be, as is easy to establish, 
m = 7-2938 and the denominator of the number x 
will be m?. The numbers mx, my, and mu? are then 
precisely the sides of the pythagorean triangle (25) given 
by Fermat. 

Thus there exists a pythagorean triangle in which the 
hypotenuse and the sum of the arms are squares of 
natural numbers. If (x, ¥, 2) is such a triangle and n is 
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an arbitrary natural number, then obviously the triangle 
(n°x, n?y, nz) will also be such a triangle. 


12.3 On the other hand, if (x, y, 2) is a pythagorean tri- 
angle of which the hypotenuse and the sum of the arms 
are squares, and if n is the greatest natural number 
whose square is the common factor of the numbers x and 
¥, then putting 


= 92. 
x = nx), y= ny, 


we obtain natural numbers *, and y, not having a 
common square factor greater than 1. From formulae 
(26) which, because of the suppositions made regarding 
the triangle (x, y, 2), hold for some natural numbers u 
and v, we find 


n(x? + y:) =u and n%(x, + 94) = 0° 
whence it follows that n‘|ut and n?|v and, consequently, 
nu and n|v; there exist then natural numbers u, and 
v, such that 

u=nu, and v = nv, 
whence 
7 + y.? = u4 and H+. = 042, 


This proves that in the pythagorean triangle (¥1) Ys 21) 
the hypotenuse and the sum of the arms are squares, 
but the arms x, and ¥1 do not have a square common 
factor > 1. At the same time we have 


(x, 9, 2) = (n?x,, n®y,, nu) 

Inquiry into pythagorean triangles in which the 
hypotenuse and the sum of the arms are squares is 
reduced then to the examination of those pythagorean 
triangles whose arms have no common square factor > 1. 
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12.4 We now show that in such triangles the arms must 
be relatively prime. 

Let (x, y, 2) be a pythgorean triangle such that the 
hypotenuse and the sum of the arms x and y are squares 
and x and y have no common square factor >1. From 
the supposition concerning the triangle (x, y, z) it follows 
that there exist natural numbers u and v for which 
formulae (26) hold. From the first of these formulae it 
follows, as we know, that one of the numbers x and y 
for example the number y, is divisible by 4. If the 
number x were even, then from (26) it would follow 
that the number v is even. Hence 4|v%, ice., 4|x + y, and 
because 4| y, we must have 4|x contrary to the supposition 
that the numbers x and y have no common square factor 
>1. The number x must, therefore, be odd. 

Let d denote the greatest common factor of the 
numbers x and y. Then d|x and d|y, whence because of 
(26) d?|u* and d|v?, so that d is a common factor of the 
numbers u? and v. If then d > 1, the numbers u and v 
can not be relatively prime (for then the numbers 2 and 
v? would be relatively prime and could not have a 
common factor d > 1). 

Let 5 denote the greatest common factor of the 
numbers wand v; the § > 1, 8|u, 8] so that 54|u* and 
8?|v?, This, because of (26) gives S4|x* + y? and 
5*\x + y, whence 5*|(x + y)?, so that S4\(x + y)? — 
(x? + y?); that is 4/2xy. 

Hence 8¢|x? + y — 2xy, i.e., 84|(x — y)? which gives 
8%|x — y. Since 5?]x + y, we obtain 54|2x and 8?|2y. 
But x is odd and y is even, so that x + y is odd; and 
since 5?|x + y, the number 8 is odd. From the formulae 
8?|2x and 8?/2y it then follows that 5?|x and 8?|y, 
contrary to the supposition that the numbers x and y 
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do not have a common square factor >1. We cannot, 
therefore, have d > 1; therefore d = 1; that is, the 
numbers x and y are relatively prime, which was to be 
proved, 

We have also at the same time proved that 8 cannot be 
>1 (for 8/x and 8°|), so that 8 = 1; i.e. the numbers 
u and v are relatively prime. 

Thus in the investigation of pythagorean triangles of 
which the hypotenuse and the sum of the arms are 
Squares, it is enough to limit ourselves to the investiga- 
tion of primitive triangles. In other words, it is enough 
to occupy ourselves with the solution of the set of 
equations (26) in natural numbers «, y, u, o where x andy 
are relatively prime (and the numbers uv and » also are 
relatively prime). 


12.5 Let us Suppose that the natural numbers x,y, u,v 
satisfy equation (26) and that x and J» are relatively prime. 
Since the number 1/2 jis irrational, we cannot have 
x = y. We then have x % ¥3 hence the number w = 
|x — y| is natural. From (26) we obtain 


2th — om U4 + 9) — (et 9)? = (we — 9)? = 
hence 
(35) 2u4 — yt = w?, 
From (26) we have 
of — wt = (x+y) — (27 + y2) = Dey > 0, 


hence 
U> nu, 


If, therefore, the natural numbers *, Y, u, v satisfy 
equations (26) and the numbers x and y are relatively 
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prime, then the natural numbers u, v, and w satisfy 
equation (35) where w is a natural number, v > u and 
u and v are relatively prime. 

On the other hand, let us suppose that the natural 
numbers u, v and w satisfy equation (35), where v > u 
and u and v are relatively prime. From (35) and because 
v > u, we find 


w? = 2ut — of < 2v0t — ot = ot 
2 ¢ 
so that w? < vf and u <v?. The numbers 


w+ w (vw 
3 and y= 5 


are, therefore, positive and integral; for because v4 +. 
w* = 2u*, which follows from (35), the numbers v and w 
are either both even or both odd. The numbers x and y 
are, therefore, natural. Let d denote their greatest com- 
mon factor. Therefore d|x and d|y, whence from (36) 
we find that d|v® and d|w. Hence from (35) we have 
d?|2u*. But the numbers u and v are by hypothesis, 
relatively prime and, therefore, the numbers u? and v 
are also relatively prime. Since d|v?, the numbers d and 
w? are relatively prime and hence the numbers d? and ut 
are also relatively prime. From the fact that d?|2u it, 
therefore, follows that d?|2. Hence d = 1, because the 
number 2 is not divisible by any square number >i, 
The numbers x and y are, therefore relatively prime. 

We have, therefore, proved that if the natural numbers 
u, v and w satisfy equation (35) while v > u and the 
numbers u and v are relatively prime, then determining the 
numbers x and y from formulae (36) we obtain relatively 
prime natural numbers x, y, u, v, which will satisfy equa- 
tions (26). 


(36) x= 
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Combining this result with one obtained before, we 
arrive at the conclusion that solving the set of equations 
(26) in natural numbers x, y, wand v, where the numbers 
x and y are relatively prime, reduces itself to the solution 
of equation (35) in natural numbers u, v and w, where 
v > u and the numbers u and v are relatively prime. 
We now have to deal with only one equation (35) with 
three unknowns instead of two equations with four 
unknowns. 


12.6 We shall first occupy ourselves with obtaining 
all the solutions of equation (35) in natural numbers 
u, v and w where u and v are relatively prime (but where 
it is not required that v > u). One such solution is 
obviously 

u=vswe=1, 


To each solution of equation (35) in natural numbers 
u, v and w (where the numbers wu and are relatively 
prime and u ¥ 1) we now let correspond some solutions 


(u, 2, w,) = f(u, v, 2) 


of this equation in natural numbers u,, ¥, and w, where 
u, and v, are relatively prime and uy <u. 

We suppose, then, that the natural numbers u, v and 
w satisfy equation (35), u # 1 and the numbers u and v 
are relatively prime. We show that uv # w. For let us 
suppose that wv = w; hence uv? = w? and from (35) 
2u* — vt = uv. Hence we have u?(2u? — v)? = vf, 
which gives u?|v* so that u|v®, But because (u,v) = 1, 
we have also (u, v?) = 1; from ulv® it then follows 
immediately that u = 1, contrary to the supposition 
about the number u. Hence we have proved that uv # w. 

If the number v were even; then from (35) the number 
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w would be even and the number 2u* = v* + w? would 
be divisible by 4, so that the number u would be even, 
contrary to the supposition that the numbers u and v 
are relatively prime, The number v is therefore odd and 
from (35) the number w is also odd. 


2 2 
v+w vw 
The numbers 2 and 2 are therefore 


integers of which the first is natural and the other is 
different from zero (because if v2 = w, we would have 
w? = v‘ and since from (35) 2ut = 2v*, we would have 
u = v, which is contrary to the supposition that x and 

-s v?— w 
vare relatively prime and u # 1). The number | z 


is, therefore, natural. It is also easy to show that the 


2 2 
numbers ~ > ? and 2 z © are relatively prime. For 


their greatest common factor d is a factor of the numbers 
v? and w, so that from (35) it follows that d?|2u‘ which, 
because the number d is odd (being the factor of an 
odd number w), gives d?|u‘. Hence d|u®, and since d|v? 
and the numbers u? and v? are relatively prime (because 
u and v are relatively prime) it follows that d = 1, which 
was to be proved. 

We also observe that the number w is odd, for the 
numbers v and w being odd, vt + 2? on dividing by 4 
gives the remainder 2, and 2ut = o* + w?, 

Equation (35) can be written in the form 


2 2 2 2 
G7) ( ") n ( ; *) ah 
2 or 
The natural numbers & 5 Se aad u*, of which 


2 
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the first two are relatively prime, represent from (37), the 
sides of a primitive pythagorean triangle. By means of 
theorem 1, we establish that there exist relatively prime 
numbers m and n, one of which is even, such that 


v? + w v? — w 
3 = m? — n?, 3 | = 2m, 
u? = m® + n? 
or 
v+w vw 
z = 2mn, z | =m - m, 
u? = m? + n? 
2 
(depending on whether the number ~ + = is odd or 


even). 
If v? > w we obtain in both cases 


v? = m™ — n? + 2mn, 


and if v? < w we have in the first case 


2 


vw = m? — n® — 2mn 


and in the second 


2 


— v = m* — n? — 2mn. 


Therefore, in each of these cases 
(38) + v7 = m™® — n2 + Imn 


where v? and 2mn should be taken with the sign + if 
v? > w, with the signs + and — if v2 < w and the 
number 4(v? + w) is odd, and with the signs — and — 
if v? < w and the number 4(v? + w) is even. 
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The formula —v* = m? — n? + 2mn, or v? = n? — 
m? = 2mn, differs from the formula v2? = m? — 
n? = 2mn only insofar as the numbers m and n are 
mutally interchanged, which does not alter the fact 
that they are relatively prime and that one of them is 
even. In any case we reach the conclusion that there 
exist relatively prime natural numbers m and n, of which 
one is even, such that taking 2 mn with one of the signs + 
or — we obtain 


(39) u? = m? + n?, vo? = m? — n® + 2mn, 


while, as we know, both numbers m and n, as well as 
the sign before 2mn, are fully determined by the numbers 
u, v and w, satisfying equation (35). 

One of the numbers m and n is, as we know, even and 
the other odd. If the number n were odd, then its square 
n? on dividing by 4 would give the remainder 1. Since 
the numbers m? and 2mn would then be even, the right 
side of the second of the formulae (39) would, on dividing 
by 4, give the remainder 3 which is not possible because 
it is the square of the number v. The number » must, 
therefore, be even; hence the number m is odd. 

Since the numbers m and n are relatively prime and the 
number n is even, we deduce from the first of the formu- 
lae (39) by means of theorem 1, that there exist relatively 
prime numbers r and s, one of which is even, such that 


(40) m = 1? — 53, 


We can write the second of the formulae (39) in the form 


n = 2rs, usr? + 5, 


2n? = (m + n)? — v? 
which gives 


(41) (m+n —v)\(m +n + v) = 2n? 
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where it is necessary to take simultaneously either the 
upper or the lower signs. Since the numbers m + n and 
v are odd, m + n — v = 2k, m + n + v = 2] where k 
and / are natural numbers. This gives v = 1 — k and 
proves that ] > k, 

Should the numbers & and / have a common factor 
d > 1, we would have d|m + nand d|v. Hence from (41) 
we would have d?|2n? which, since d is odd (being a 
factor of the number v), gives d?|n? so that d|n. Since 
d|m +n, we conclude that d|m, contrary to the fact 
that m and » are relatively prime. Therefore, k and / are 
relatively prime. 

From the definition of the numbers k and J and from 
formula (41) it follows that 2k/ = n?; hence from (40) 
we have kl = 2r?s?, which proves that one of the numbers 
k and 1 is even and consequently the other odd (as they 
are relatively prime). 

If the number & is even, then 2k and / are relatively 
prime, and since their product is a square (of the 
number 7), each of them must be a square. So there 
exist natural numbers a and b such that 2k = (2a)? 
and/ = 6?;hencev = ] — k = b? — 2a?. If the number 
1 is even, then, as above, we deduce that there exist 
natural numbers a and d such that 21 = (2a)? andk = 5°, 
whence v = | ~ k = 2a? — B®, In each case we have 
v = |2a? — B|, m+ n=k +1] = 202 + 6 and 22 = 
2kI = (2ab)?; n = 2ab and from (40) we obtain 
(42) ab = rs, 

We denote by g the greatest common factor of r and b. 
Therefore, there exist relatively prime natural numbers 


u, and 2, such that r = gu,, b = gv,. Hence from (42) 
we have av, = su, and since u, and v are relatively 
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prime, v,|s. Therefore there exists a natural number h 
such that s = hv,, hence (from av, = su,) we find 
@ = hu,. Since the numbers r and s are relatively prime 
andr = gu,,s = hv,, the numbers g and h are relatively 
prime. 

From (40) m = m + n ¥ n and the above-obtained 
formulae m + n = 2a? + 67, n = 2ab, we find 


(43) r? — 52 = 2a? + b? F 2ab. 
Substituting in the equality (43) the values 
(44) r= gu, s = hy, a= hu, b = gr, 
we get 
(45) g?u,? — h?v,? 
= 2h?u,? + 90,2 + gv, F 2hguyr, 
which gives 
(2uy? + v4?)h? F 2uyoyhg + (v4? — uy2)g? = 0. 
Multiplying the above equality by 2u,? + v,? we obtain 
(46) [(2? + 04°)r + moyg]? 
= [(uy01)? — (2uy? + 042)(0,? = u4?)]g? 
= (2u,* — 0,*)g?. 
It follows from this that the integer 2,4 — 0,4, 


different from zero (because the number V2 is irrational) 
is the square of a rational number 


(2? + oh 
& £ uy2 


It is, therefore, a natural number, and hence is the 
square of a natural number which we denote by 2. 
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Therefore 
(47) 2u,* — v,4 = w,? 
where ,, 0, and w, are natural numbers while u, and 2, 
are relatively prime. Because of (40) and (44) we have 
usr? + $3 = gy,2 4 h29,2 > u42; hence ur<u 


We have thus obtained the new solution (1, 04, @) = 
f(t, v, ») of equation (35) in natural numbers 1, v, and 
w, where u, and 2, are relatively prime and u,? < u. 

We remark also that from (46) and (47) there follows 
at once the relation 


(48) (2uy? + 017k + uyrig = twg 
Hence 

h _ |w + u2,| 
) & M+ 02 


which considering that the numbers gand hare relatively 
prime, proves that, the sign having been fixed, h/g is an 
irreducible fraction equal to the rational number 


roy + 40] 
2u,? + v4? 


To each solution of equation (35) in natural numbers 
u, v and w, where u and v are relatively prime and u ¥ 1, 
we let correspond a certain solution 


(4, 0, 4) = f(t, 2, w) 


of equation (36) in natural numbers Uy, UV; and w,, where 
u, and v, are relatively prime and u,? < u. Moreover, 
this correspondence is one-to-one. If u, # 1, then we 
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have corresponding to the solution (uy, Vy, @,) a new 
solution 


(U2, Vay Wa) = f(y, Vy, &y) = Sf(u, 2%, w), 


where the numbers #2. and v, are relatively prime and 
uy? < uy. If ug ¥ 1, we obtain a new solution 


(ug) Ug, @a) = fff(uy v, w) = f%(u, 2, w), 
and so on. Since the series of decreasing natural numbers 
u > u, > u, >... cannot be infinite, there must exist 
some 7, corresponding to the solution (u,, 0, %,) for 
which u, = 1, and also v, = w, = 1, Therefore for 
every solution of equation (35) in natural numbers 
u, v and w, where u and v are relatively prime andu ¥ 1, 
there exists a number , determined by (u, v, w), such 
that 
f"(u, v, w) = (1, 1, 1). 

12.7 For a given natural number n, we denote by Z,, the 
set of all solutions of equation (35) in natural numbers 
u,v and w, where u and » are relatively prime and 
u # 1, for which f"(u, v, w) = (1, 1, 1). Every solution 
of equation (35) in natural numbers u, v and w, where 
u and v are relatively prime and u ¥ 1, therefore, 
belongs to one and only one of the sets Z,, where n is a 
natural number. 

Let (uo, Yo, @o) be a solution of equation (35) in natural 
numbers, where up and vp are relatively prime, uy 4 1; 
and let us suppose that for some natural k the solution 
does not belong to any of the sets Ly, Zaye sey Lye 
Therefore, it belongs to some set Z,, where n is a natural 
number >. 

Assume (u’, v', w') = f"-*(ug, vo, Ww). Because the 
solution (uo, U9, %) belongs to the set Z,, F"(Uoy Vo; Wo) 
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= (1,1, 1); that is, f*f"~*(uo, v9, w) = (1, 1, 1), which 
gives f*(u',v',w') = (1,1,1) and proves that the 
solution (u’, v’, w’) belongs to the set Z,. From (u’, 0’, w') 
= f"~ (uo, Uo, to), it follows that 
(u')? < up. 

If, therefore, (uo, Uo, 2p) is a solution of equation (35) 
in natural numbers, where ug and vq are relatively prime, 
up # 1, and if it does not belong to any one of the sets 
2,, Za,-.., Z,, then the number wu, is greater than the 
square of the smallest of the numbers u for which there 
exists a solution (u, v, «) of equation (35) belonging to 
the set Z,. 


12.8 We now suppose that we are given a solution of 
equation (35) in natural numbers u,, v;, and w,, where 
u, and 2, are relatively prime. We ask: Do there exist 
solutions of equation (35) in natural numbers u, v and w, 
where u and v are relatively prime, u ¥ 1, f(u, v, w) = 
(#1, 01, @;), and how can we obtain them all? 

We suppose that (u, 2, ) is such a solution. In applying 
the preceding considerations, in view of the definition 
of the transformation f, it follows that substituting as 
above for u, v and w successively the numbers m, n, 7, s, 
a, b, h, and g, we arrive in each case at formula (49) for 
the irreducible fraction h/g. Since in formula (49) we 
have the sign +, we have in general two possibilities 
for the numbers h and g, except when w, = u,0,. This, 
as we know, happens only when 1, = 0, = w, = 1. 
Then formula (49) gives only 


A uy, + wy, 


g ur +0,? 
(because ; must be positive). In each case the natural 
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numbers h and g must be determined in one or two ways. 
From formula (49) we obtain formula (48); hence, 
because of (47), we have 
[(2u;? + 27h + wr, g)? = wy2g? = (20,4 — 0,4)g?; 
which is formula (46), from which we easily obtain 
formula (45). Further determining the numbers 1, s, a 
and } from formula (44) we obtain formula (43) from 
formula (45). Since from formula (44) it follows that 
ab = rs, formula (43) gives 
(50) 7? — 52 4+ 2rs = 2a? + B 


We take 
v = |2a* — B*|. 
This is a natural number (for from the irrationality of 
V2 it follows that 2a? 4 6) and v? = (2a? — 5)? 
whence, from (50) and the equality ab = rs, we obtain 
(r? — 5? + 2rs)? — v? = 8a%b? = 8r?s2, or 


(51) v7 = (r? — 5? 4 2rs)? — 87252, 
In (51) we have the upper sign if it holds in formula (49), 


and the lower sign if the lower holds in formula (49). 
It is easy to verify the identity 
2(r? + 8?) = [(r? — 5? + rs)? — By252]2 
+ [(r? — 5? ~ 2rs)® — 8r2s2]2, 
Taking 
ur? + 52, w = |(r? — 5? F Qrs)? — 8r?5?|, 


where, in the last equality, the sign of 2rs is the same as 
in formula (51), we have (from (51)) formula (35) and 
by virtue of (44) 

usr? +? = guy? + hv? > 0,9. 
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We show that the numbers u and v which we found are 
relatively prime. For this we observe first that from the 
supposition that the numbers u, and %, are relatively 
prime and satisfy equation (47), it follows that u, and w, 
are relatively prime. For if they have a common factor 5 
which is a natural number, then 5|u,, 5], whence from 
v4 = 2u,* — w,? it follows that dlv,*. Since 8{u,* 
(because 8|x,) and the numbers u,* and vy4 are relatively 
prime (because u, and v, are relatively prime), 8 = 1, 
which proves that u, and w, are relatively prime. 

We now denote by d the greatest common factor of 
the numbers , and h. From (49) we have h(2u,? + v,2) 
=g|u,v, + w,|, and since d|u, and d|h, we find d|gw,. 
Since d{h and the numbers g and h are relatively prime, it 
follows from formula d|gw, that d|w,. Since d|u,, and the 
numbers u, and w, are, as we have proved above, rela- 
tively prime, d must be equal to 1, which means that the 
numbers u, and h are relatively prime. 

We now denote by d, the greatest common factor of the 
numbers 2, and g. As above, we find d,|2hu,?, Because 
d,|g, and considering that the numbers g and h are 
relatively prime, the numbers d, and h are relatively 
prime. Since the number d, being a factor of the odd 
number 2, is odd, the statement d,|2hu,? proves that 
d,|u,?. Since d,7|0,2 and the numbers uy7,v,? are 
relatively prime, d, must must be equal to 1; that is v, 
and g are relatively prime. 

From (44) we have r = guy, and s = hv, while from 
what we proved above, it follows that each of the two 
factors of the number r is prime relative to each of the 
two factors of s. Hence it follows that the numbers r and 
sare relatively prime. 

From equation (47) and because the numbers u, and 
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%, are relatively prime, it follows, as we know, that the 
numbers u,v, and w, are odd. The number Wy, + uv, 
is, therefore even, and the number 2u,* + v,? is odd. 
From (49), in which the numbers h and g are relatively 
prime, we deduce that h is even and g is odd. From 
$ = hv,, therefore, the number s is seen to be even; 
hence the number r (being relatively prime to s) is odd. 

Let us denote by 8, the greatest common factor of 
the numbers r? + s? and r. Since 8,|r? + s? and 8,|r, 
clearly 8,|r?, Hence 8,](r? + s°) — 7°; that is 8,[s2, and 
since the numbers r? and s? are relatively prime (because 
r and s are relatively prime), 8; = 1. That is, the 
numbers r? + s? and r are relatively prime. Similarly we 
prove that the numbers r? +s and 5 are relatively prime. 

Since the number 7? + s? is odd (because r is odd 
and s is even) and (as we have proved) is prime relative 
to r and to s, it is prime relative to 2rs, Hence because 
r+? — (r + 5)? = ¥ 2rs, we deduce that the number 
r? + s? is prime relative to r + s, and so is also prime 
relative to 2s(r + s). Since r? + 2rs ~ 52 = 72 +s? 4+ 
2s(r $s), the number 7? + s? (that is, the number 1) 
is prime relative to r2 + 2rs — 57, Since it is prime 
relative to 4rs, it is prime relative to 4rs(r? + Ors — 5%) 
and because of (51) is 


vw — uw? = + 4rs(r? F rs — s*). 


So the number w is prime relative to 0? — u?, from which 
it follows immediately that u must be prime relative to v, 
which was to be proved. 


12.9 Lastly, it is easy to verify that if for the natural 
numbers u,, v; and w,, where u, and 2, are relatively 
prime and satisfy equation (47), we fix the numbers 
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u, v and w in the manner indicated above, then 
f(u, 2%, ) = (uy, 04, &,) 

This method then enables us to determine all the 
solutions of equation (35) in natural numbers u, v and 
w where u and v are relatively prime, such that f(u, v, w) 
= (uy, 01, w,). This enables us to obtain all the solutions 
of equation (35) belonging to the set Z,,,;, when all the 
solutions belonging to the set Z,, are known. 


12.10 From the above proof it also follows that for 
each solution (w, 0, t,) of equation (47) in natural num- 
bers where u, and v, are relatively prime, there exist 
at least one and at most two solutions in natural numbers 
u, v and w where u and v are relatively prime and 
f(u, v, w) = (uy, 0,, w,). Hence it follows that there 
exist solutions of equation (35) in natural numbers 
u, v and w where uw and v are relatively prime and where 
u is an arbitrarily large number. 


12.11 We suppose u, = v7, = w, = 1. In formula (49) 
we must take the upper sign, which gives h/g = 2/3. 
Since h/g is an irreducible fraction, h = 2, g = 3 and 
according to formula (44) we have r = 3, s = 2, a = 2, 
5 = 3. Hence 

u = 3? + 2? = 13, 


In formula (51) we must again take the upper sign (as 
it appears in formula (49)), so that 
v* = 17? — 288 = 1; hence v = 1 
w = |(3? — 2? — 2-3-2)? — 8.39.23] = |(—7)? — 288| 
= 239, 
We have therefore the only solution of equation (35) 
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belonging to the set Z,, namely 2-134 — 14 = 2392, 
We obtain u = 13 > 1 =», 


12.12 We now take u, = 13, v, = 1, w, = 239. Then 
4,0, < w,; hence formula (49) gives 


h _ 239 + 13 
g 339 


so that either h/g = 226/339 = 2/3 (with the lower sign) 
or h/g = 252/339 = 84/113 (with the upper sign). 

If hig = 2/3, then considering that the numbers h and 
& are relatively prime, we obtain h = 2, g = 3 and from 
formula (44) we have r = 39, 5 = 2,4 = 26, b = 3, 80 
that 

u = 397 + 2? = 1525. 

Since in formula (51) it is now necessary to take the 
lower sign, 


v? = 1361? — 48672 = 1803649 = 13432, 
hence 
v = 1343, w = 1673? ~ 48672 = 2750257. 
Again we get u > v. 
If, however, h/g = 84/113, the h = 84, g = 113, 
r = 1469, s = 84, a = 1092, b = 113, 
u = 1469? + 842 = 2165017, 


and since in formula (51) we must now take the upper 
sign, 

v? = 2397697? — 2.246792? = 23721592, 
hence 


v = 2372159, 
w = 1904113? — 2.2467922 
= 3503833734241. 
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Now we have v > u. 


2 
The numbers x = 2 5 2% = 4565486027761, y = 


= 5 % = 1061652293520, 2 = u? = 4687298610289 


are therefore the sides of a pythagorean triangle of 
which the hypotenuse and the sum of the arms are 
squares. This is just the triangle (25) given by Fermat. 

We have thus found two solutions of equation (35) 
belonging to the set Z,, and it is easy to establish that 
these are the only solutions belonging to this set. It then 
follows that in every solution of equation (35) in natural 
numbers u, v and w where u and v are relatively prime 
numbers and u ¥ 1, belonging neither to the set Z, 
nor to set Zp, the number u is greater than the number 
1525? > 225-104; that is, greater than the above ob- 
tained number u = 2165017 which gives the solution 
offered by Fermat. From this we easily deduce that the 
triangle given by Fermat has the smallest hypotenuse of 
all the pythagorean triangles of which the hypotenuse and 
the sum of the arms are squares. 
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13. REPRESENTATION OF PYTHAGOREAN 
TRIANGLES WITH THE HELP OF THE 
POINTS OF A PLANE 


13.1 Let (a, },c) be a given primitive pythagorean 

triangle. To this triangle we let correspond the point 

of the plane with abscissa x = a/c and ordinate y = dle. 

We obtain 

a? + 1 
oa 


x? 4 y? = 


because a? + b? = c?. The point (x, y) of the plane, 
therefore, has rational coordinates and lies on the circle 
the equation of which is x? + y? = 1. Thus to each 
primitive pythagorean triangle we let correspond a 
point on the circumference of the circle x? + y=l 
with (positive) rational coordinates; that is, a rational 
point on this circumference, Conversely, if (x,y) is a 
point on the circumference of our circle with positive 
rational coordinates; that is, if x and y are positive 
rational numbers, such that x? + y? = 1, and if after 
reducing the numbers x and y to their lowest common 
denominator we have x = a/c, y = b/c then we obtain 
the primitive pythagorean triangle (a, b, c). 

Thus we can establish a one-to-one correspondence 
between the primitive pythagorean triangles and the 
rational points on the circumference of a circle x2 + 
y? = 1, which are above the x-axis and to the right of 
the y axis (i.e., in the first quadrant). 

We now consider two arbitrary real numbers x, and Xq 
such that 0 < x; < x. < 1, We show that there exists 
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a primitive pythagorean triangle (a, b, c) of which the image 
on the circumference of our circle is a point (x, y) such that 
Xp <¥ < x. : 

From 0 < x, < x, < 1, we easily find 


whence 


Therefore there exists a rational number m/n, where— 
as is easy to see—we may suppose that the numbers 
m and n are relatively prime, m odd, m even, such that 


1 + x, 
1+ # <me + 2, whence m > n. 
1l-x, 1 — xg 
Because 
m? — n® 2 


we easily find that 
m? — n? 
“1 <Tapg < 
and taking @ = m? — n?, b = 2mn, c = m? +n, we 
get (from theorem 1) the primitive pythagorean triangle 
(a, , c) with 


<-<-”, 

x . 

1 Cc 2 

The image of this triangle on the circumference of our 


circle is the point (x, y) where x = a/c, y = b/c. So we 
have x, < x < x, which was to be proved. 
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It immediately follows from this that if on the arc 
of the circle x? + y® = 1, in the first quadrant, we 
consider two arbitrary different points, then there exists 
between them a point which is the image of some primi- 
tive pythagorean triangle. From this we conclude 
that for an arbitrary angle a, where 0° < « < 90°, there 
exists a right triangle with rational sides one of the angles 
of which is arbitrarily close to the angle «; and so (by 
magnifying such a triangle a suitable number of times) 
we deduce that there exists also a pythagorean triangle 
having this property. Therefore, for each right triangle 
T there exists a pythagorean triangle whose angles are 
arbitrarily close to the angles of the triangle 7. 

In particular, there exist pythagorean triangles with 
acute angles arbitrarily close to 45°. Obviously we do 
not have a pythagorean triangle with acute angles of 
45°, because it would be an isosceles right-angled tri- 
angle; from the irrationality of the number 12, the 
hypotenuse of such a triangle is incommensurable 
with its other two sides. The acute angles of a pythag- 
orean triangle whose arms are successive natural 
numbers approach the angle 45° as the sides of such 
triangles increase (we consider such triangles in §4.) 


13.2 There also exists another method of representing all 
pythagorean triangles with the help of points in the plane 
with natural co-ordinates (i.e., lattice-points). For this 
purpose we let correspond to the pythagorean triangle 
(a, b, c) the point of the plane with abscissa a and ordinate 
4. To each pythagorean triangle, then, there corresponds 
some point of the plane with natural coordinates, and to 
different triangles there correspond different points; but 
to each point in the plane with natural coordinates 
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there does not correspond a pythagorean triangle. (For 
example, no pythagorean triangle corresponds to the 
points (1,1), (1,2), (2,3); only the points (a, 5) for 
which a? + 5? is the square of a natural number have 
corresponding pythagorean triangles.) As is easy to 
prove, the points in the plane corresponding to similar 
pythagorean triangles lie on astraight line passing through 
the point of the intersection of axes. 
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14, RIGHT TRIANGLES THE SIDES OF WHICH 
ARE RECIPROCALS OF NATURAL NUMBERS 


14.1. In connection with pythagorean triangles, the 
question arises whether there exist right triangles in 
which each of the sides is the reciprocal of a natural 
number, and if so how we can obtain all such triangles, 

We suppose that T is such a triangle. These exist then 
natural numbers x, y and z such that 7 = (1/x, I/y, 1/2) 
and since the triangle T’ must be tight-angled, 


1 1 
(52) zt P 
The algebraic equivalent of our problem, then, is to 
find all the solutions x, y, z of equation (52) in natural 
numbers. We suppose that the natural numbers x, y, z 
satisfy equation (52). We have then z-2 > x”? so that 
2° < x; Le, x > 2. From formula (52) it follows that 


(53) (x? — 22) = x%g2, 


aio 


Let d denote the greatest common divisor of the numbers 
xand z; then there exist relatively prime natural numbers 
aandc such that x = ad, x = cd. By (53) we have 


(54) g(a? — c?) = (dac)? 


whence it follows that ¥?|(dac)*; y|dac and, therefore, 
there exists a natural number & such that dac = yb. 
From (54) we find 


(55) a? — (2 = 52, 
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Since the numbers a and ¢ are relatively prime, it follows 
at once from formula (55) that the numbers b and c are 
relatively prime. From (55) we have 


(56) b+? = a, 


hence (6, c, a) is a primitive pythagorean triangle. 

From 1 we deduce that there exist relatively prime 
numbers m and n one of which is even, such that m > n 
and 


b= m — n?, 
(57) {° 
2 


b = 2mn, c= m — n?, a= m + n?, 


c = 2mn, a= m + n® 


As we know, the numbers 6 and c are relatively prime; 
from formula (56) it follows that the numbers 4 and a 
must be relatively prime. The number 6 is therefore 
prime relative both to a and to c, whence it follows that 
it is prime to the product ac. Moreover, the identity 
dac = yb proves that the number d must be divisible 
by 5; hence there exists a natural number 5 such that 
d = b8. We have, then, x = da = 8ab, y = 8ac (because 
yb = dac), x = dc = 8bc, so that from (57) we obtain 
x = (m? + n?)(m? — n?)8, yy = 2mn(m? + n)8 
& = 2mn(m? — n?)d 
or 
x = 2mn(m? + n?)3, 
2 = 2mn(m? — n?)8. 


y = (m? + n?\(m? — 8 


On the other hand, as is easy to verify, if we determine 
the numbers x, y, z from the above formulae for arbitrary 
natural numbers m, n < m and 8, then determining the 
numbers 8, c, a from formulae (57), we obtain x = Sab, 
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y = Sac, z = bbc; also formulae (56) and (53), hence 
formula (52). 

In this way we arrive at the conclusion that all solutions 
of equation (52) in natural numbers, x, y, = (and only 
these solutions) are obtained from the formulae 


(58) x = (mt — n4)8, oy = 2mn(m? + n?)d 
= = 2mn(m? — n?)5 
or 


x = 2mn(m? + n°), yy = (m? + n)(m® — n2)8 


& = 2mn(m? — n?)5 


where 6 is an arbitrary natural number, and m and n are 
relatively prime natural numbers one of which is even, 
with m > n, 


14.2 It is easy to sce that each of the solutions of equa- 
tion (52) in natural numbers is obtained in this manner 
only once. This is because a/c is an irreducible fraction 
equal to x/z. Hence a and ¢ are determined by the num- 
bers x and s, as is the number b (because of formula (55)) 
as well as the numbers m and n and so also the number 
5 = x/ab. 

For m = 2, = 1, 8 = 1 we obtain x = 15, y = 20, 
s = 12, which give the solution of equation (52) in 
which the denominators are the smallest natural 
numbers: 


oes <i 
15? * 202 ~ 122 


For m = 3, = 1, § = 1, we obtain x = 80, 4 = 60, 
3 = 48 (these numbers being 4 times larger than those 
previously found). 
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For m = 3,n = 2,8 = 1, we obtainx = 65, y = 156, 
z = 60, whence the solution 


1 PP oe. FL 
65? * 1568 ~ 608 
14.3 From formulae (58), which constitute the solution 
of equation (52), it follows immediately that in such a 
solution no two of the numbers x, y, z are relatively 
prime. 


14.4 We also observe that there are no right-angled 
triangles the sides of which are reciprocals of squares of 
natural numbers. For if the triangle (1/x?, 1/y?, 1/22) were 
such a triangle, we would have 


1 1 


uty 


1 
y 


whence (yz)* + (xz) = (xy)* contrary to theorem 4 
(10.4). 
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15. CUBOIDS! WITH EDGES AND 
DIAGONALS EXPRESSED BY NATURAL 
NUMBERS 


15.1. From each pythagorean triangle we obtain a 
rectangle with natural sides and diagonals and conversely. 
When we move into three-dimensional space, the 
question arises: how can we obtain all cuboids with 
natural edges and natural inner diagonals? 

Tf x, y, 2 are the edges of such a cuboid and ¢ its inner 
diagonal, then as we know from elementary geometry, we 
have 
(59) x74 yt 4 27 = 22, 

Conversely, if the natural numbers x, y, 2 and t satisfy 
equation (59) then the numbers «, y and z are the edges 
and ¢ is the inner diagonal of some cuboid. 

The problem of finding all cuboids the edges of which 
and inner diagonals are natural numbers reduces itself to 
obtaining all the solutions x, y, z and ¢ of equation (59) 
in natural numbers. 


15.2 We suppose that x, y, x and ¢ are the solutions of 
equation (59). We observe that at least two of the numbers 
x, y and x must be even. For if all three were odd, then 
as we know, their squares would give the remainder 1 
on dividing by 4, and the left side of formula (59) 
would give the remainder 3 on dividing by 4, which is 
impossible because the right side is a square. If, however, 
only one of the numbers «x, y and z were even, then the 


* We use the word cuboid as a synonym for rectangular parallelepiped. 
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left side on dividing by 4 would give the remainder 2 
which is also impossible because the right side is a 
square. 


15.3 It is also easy to show that at least one of the num- 
bers x, y, z and t must be divisible by 3. For the square 
of a number not divisible by 3 gives the remainder 1 on 
dividing by 3 (5.1); if therefore none of the numbers 
x, y, were divisible by 3, then the sum of their squares, 
i.e., the number #?, would be divisible by 3 and so the 
number ¢ would be divisible by 3. 


15.4. We can prove that for each natural number x there 
exist infinitely many different values of the natural 
numbers y, z, t for which formula (59) holds true. 
Specifically, for each natural number 2 it is easy to verify 
by substitution that if x is an odd natural number, we have 
x? 1 ‘ x? 1 

7 + 2n?, and f= 9+ 
2n? + 1 are natural numbers and satisfy equation (59); 
while if x is an even number, then for each natural 

2 

number 2 we have that x, y = 2n + 1,2 = + + 2n? + 2n, 


that x, y = 2n, 2 = 


x2 
5 
15.5 It is not difficult to prove that for every pair of 
even natural numbers x and y, there exist natural num- 
bers z and ¢ for which formula (59) holds. For if the 
natural numbers x and y are even, then the number 
x* + y? is divisible by 4: therefore the numbers 2 = 
x2 4 y? x? 4 2 
4 4 

and the numbers x, y, x and ¢ satisfy equation (59). 
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and t = = + 2n? + 2n + 1 satisfy equation (59). 


— landt= + 1 are natural numbers, 
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15.6 It is also easy to prove that if one of the natural 
numbers x and y is odd, and the other even, then there 
exist natural numbers z and t for which formula (59) 
holds. For then the numbers x? + y? + 1 are even; the 
2 2 24 ya 
ery Sand p= Sted 
natural, and it is easy to verify that the numbers x, y, 
z and t satisfy the equation (59). 


are 


numbers z 


15.7 Thus, therefore, if for two edges of a cuboid we 
choose arbitrary natural numbers, not both odd, then 
for the third edge we can always find a natural number 
such that the inner diagonal will be a natural number. 


15.8 We show that there is no cuboid with natural 
inner diagonal the edges of which are successive natural 
numbers. 

For let us suppose that the edges of a cuboid are the 
successive natural numbers y — 1, y and y + 1, and the 
inner diagonal is t, where t is a natural number. We would 
have, therefore (y — 1)? + y? + (y + 1)? = #?; that is, 
3y? + 2 = 2°, If y were an odd number, then the number 
y? would give the remainder 1 on dividing by 8, so that 
the sum 3y? + 2 would give the remainder 5, and such 
anumber could not be a square. But if y were even, the 
sum 3y? + 2 would give the remainder 2 on dividing by 
4, and again this number could not be a square. 


15.9 We can prove that the inner diagonal of a cuboid 
with natural edges can never be of the form 2" or 2*.5 
where k = 0, 1, 2,.... 

For, let us suppose that there exist non-negative 
integers k such that for ¢ = 2* equation (59) has a 
solution in natural numbers x, y, z. Among such numbers 
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k there exists a smallest which we denote by m. Obviously 
m > 0, as the left side of equation (59) is not less than 
3 for natural x, y, 2. 

Because 


x? 4 y® + 2? = 22m 


and since, as we already know, at least two of the 
numbers x, y and z are even, we deduce that the third 
must also be even, so that there exist natural numbers 
1, ¥1, %, such that 


x = 2x, y= yy, z= 24 
whence 


x42 + ye + 242 = (2m-1)2 


contrary to the definition of the number m. Hence t 
cannot be any of the numbers 1, 2, 27, 23, .... 

Let us suppose that there exist non-negative integers 
Rk such that for t = 2*.5, equation (59) has a solution in 
natural numbers x, y, z. We again denote by m the small- 
est of the numbers k. If m = 0, then for some natural 
x, y, 2 we would have x? + y? + 22 = 52, As we know, 
at least one of the numbers x, ¥, #, t must be divisible by 
3. Since t = 5 is not divisible by 3, then at least one of 
the numbers x, y, z, for example x, is divisible by 3. Be- 
cause x? < 5, * must be equal to 3. Hence y? + 22 = 
5? — 33 = 4? which is impossible because, as we know, 
there is no pythagorean triangle with hypotenuse 4. 
Therefore m > 0. 

From the identity 


x? + y? 4 22 — 22m, 52 


it follows that at least two of the numbers x, y, = must be 
even. Since the right side is even the third of these 
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numbers is also even, hence 


x = 2m, y = 2y,, z= 2z, where x,, y,, 2 


are natural numbers. Hence 
4,7 + yy? + 2,2 = (2™-1.5)2 


contrary to the definition of the number m. Therefore ¢ 
cannot be any of the numbers 5, 2-5, 22-5,.... 


15.10 In this connection, A. Hurwitz proved that the 
numbers 2" and 2*-5 where k = 0, 1,2,... are the 
only natural numbers which cannot be the lengths of an 
interior diagonal of a cuboid with natural edges. Among 
the numbers < 100 these numbers are: 1, 2, 4, 5, 8, 10, 
16, 20, 32, 40, 64 and 80. 


15.11 We now try to obtain all the cuboids with natural 
edges and natural inner diagonals. For this, as we know, 
it is necessary to obtain all the solutions x, y, 2, tof equa- 
tion (59) in natural numbers. 

We first suppose that the natural numbers x, y, zt 
satisfy equation (59). As we know, at least two of the 
numbers x, y, 2, for example y and z, must be even. 
Therefore, there exist natural numbers / and m such 
that 


(60) y=2l z= 2m. 
From (59) we have x? < 12; hence t > x. The number 
(61) us=t-—x 


is, therefore, a natural number and by (59), (60) and (61) 
we obtain 
(x + u)? = x? 4 412 + 4m? 
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whence, after simplifying, 2xu + u? = 412 + 4m?; that is 
(62) u? = 412 + 4m? — 2xu, 
The identity (62), in which we have the algebraic sum 
of even numbers, on the right side, proves that u? and 


hence also wu are even numbers. There exists then a 
natural number n such that 


(63) u = 2n. 
From (63), formula (62), on dividing both sides by 4, 
takes the form 
(64) n? = 1? + m? — xn, 
whence 
P+ m= n(n + x) 

which proves that n|/? + m?. Since by the first of the 
formulae (64), 
(65) 2 12 + m? — n? 

n 
taking into consideration (61) and (63) we obtain 
1? + m? + n? 

n 


t=x+u=x+2n= 


As x is a natural number, formula (65) proves that 
n? < 1? + m?, 

Thus we have proved that if x, y, %, t is a solution of 
equation (59) in natural numbers, there exist natural 
numbers m, n and | such that n is a factor of the number 
12 + m? and is less than \/12 + m3 and 

_ P+ mn? 


(66) «=———_-,  y=2, z=2m 


n 
po tm tm 
n 
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15.12 We show also that conversely if the natural 
numbers m, n, I satisfy the condition that n ts a factor of 
1? 4+ m? less than its complementary factor (that is, 
(12 + m?)/n) and if we determine x, y, 2, t from formulae 
(66), then we obtain the solutions of equation (59) in 
natural numbers. 

From formulae (66) and from the conditions which the 
number 1» satisfies it follows that the numbers x, y, 2, t 
are natural. But the identity 


(: + m2 — =) + (20)? + my? = (° +m? + =) 
n n 


proves that the numbers x, y, 2, ¢ satisfy equation (59). 


15.13 More than this, it is easy to prove that from each 
solution of equation (59) in natural numbers x, y, 2, ¢ 
where y and 2 are even, we obtain formulae (66) only 
once. For the numbers J, m, n are uniquely determined 
by the numbers x, y, 2, t, since from (66) we have 

y & t-—x 
l=> m=s n=—> 


2 2 


We have then proved the following theorem: 


Theorem 5. All solutions x, y, 2, t of the equation 


P+ yr +22 = 
in natural numbers, where y and 2 are even numbers, are 
obtained from (66) where | and m run through all pairs of 
natural numbers and n runs through all factors of the sum 
12 + m® while n <V/1® + m?. Each such solution is ob- 
tained in this manner in only one way. 
This theorem includes at the same time the method of 
successive determination of these solutions. 
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15.14 It is easy to observe that if we do not want to 
obtain the solutions which differ only with respect to 
the order of the unknowns, we may achieve this by 
constantly keeping m < 1, and selecting n so that the 
number x turns out to be odd. Thus we shall omit 
only those solutions in which all the unknowns are even. 
But these solutions of equation (59) are obtained from 
the solutions in natural numbers x, y, 2, t where x is 
odd on multiplying them by successive powers of the 
number 2. 

Here are the first 10 solutions of equation (59) 
determined in this manner: 


z 
e 
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1 
7 
9 
3 
17 
7 
3 
9 
1 
1 
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15.15 There exist cuboids all the edges of which are 
squares of natural numbers and whose inner diagonals 
are natural. Such, for example, is the cuboid with edges 
12?, 15?, 20? and with inner diagonal equal to 481. In 
general it is easy to prove that if (a, b, c) is a pythagorean 
triangle, then the cuboid with edges (ab), (ac)? and (bc)? 
has an inner diagonal c* — a%b?, From the triangle 
(3, 4, 5) we obtain in this way the above cuboids. 


15.16 Euler made the conjecture that there are no 
cuboids of which each edge and the inner diagonal are 
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squares of natural numbers. M. Ward proved (1945) 
that there are no such cuboids with inner diagonals < 10°. 
15.17, From a pythagorean triangle we can also obtain 
cuboids of which all the edges and the diagonals of the 
lateral faces are natural numbers. : 

For let (a, 6, c) be a given pythagorean triangle. We 
take 
(67) x = al4b? — c?|, yy = b/4a? — cI, 


z= 4abe. 
Hence, because a? + 5? = c?, we easily obtain 
x? + y? = 8, x? + 2% = a2(4b? + c?)?, 


y? + 3? = (4a? + c)? 
which proves that all diagonals of the lateral faces of our 
cuboid are natural numbers. 

Starting with the pythagorean triangle (3, 4,5) we 
obtain in this way a cuboid with edges 117, 44 and 240 
found by P. Halcke (1719). 

Here are other such cuboids: 


15.18 It is easy to prove that tf in a cuboid all the edges 
and the diagonals of the faces are natural, then at least 
two of the edges must be divisible by 3. 
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For if x, y, z were natural numbers such that 
xt + y? = 2, x? 4022 =u? and y? + 22 = v? 


where ¢, u and v are natural numbers, and if for example 
the numbers x and y were not divisible by 3, then 
because x? + y? = #2, we would obtain a pythagorean 
triangle none of the arms of which is divisible by 3 
contrary to what we have proved (5.1). The case is 
similar for divisibility by 4. 


15.19 We can show that if in a cuboid all the edges and 
diagonals of the faces are natural, then at least one of the 
edges is divisible by 11. 


15.20 It is easy to prove that if in a cuboid with natural 
edges x, y, z all the diagonals of the faces are natural, 
then in the cuboid with edges xy, xz and yz all the diagonals 
of the faces are natural, 


15.21 It is not known whether there exists cuboids of 
which all the edges and the diagonals of the faces as 
well as the inner diagonals are natural numbers. Thus, 
therefore, we have a simple unsolved problem concerning 
cuboids with natural edges. 


15.22 If Pisa cuboid of which the edges x, y, z and the 
diagonals of the faces are natural, then the three edges 
passing through a vertex and three diagonals joining their 
ends form a tetrahedron, of which all the edges as well 
as the volume “ 
of the numbers x, y, 2 are divisible by 3 and at least two 
are divisible by 3 and at least two are divisible by 4, 
so 144|xyz. 

For example there exists a tetrahedron with edges 
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117, 44, 240, 125, 267 and 244 with volume equal to 
205920. 


15.23 We also observe—as W. Lietzmann? has indi- 
cated—that the volume of a tetrahedron with edges 6, 7, 
8, 9, 10 and 11 is 48. 

K. Schwering enumerates among others the following 
tetrahedra ABCD with rational edges and rational 
volumes: 


DC Volume 


“ai 


15.24 There also exist tetrahedra of which the edges, 
areas of the faces, and volumes are natural numbers. 
E. P. Starke gave such a tetrahedron of which one edge 
is 896, the opposite one 990 and each of the other four 
is equal to 1073. Two faces of this tetrahedron have 
areas equal to 436800, the other two have areas equal to 
47120, and the volume is 62092800. 


* W. Lietzmann, Der pythagoreische Lehrsatz, Leipzig, 1951, p. 79. 
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